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Linear Space II:
Subspace, Span and Column Space
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I Today’s Lecture: Outline

Today ... Subspace, span and column space

1. Subspace

2. Span
—

3. Column space  (thw (szvh),

Strang’s book: Sec 3.1



I Today’s Lecture: Learning Goals

After this lecture, you should be able to

linear space by subspace

r subspace_
2. Compute th; Explain why@amis a SL@
>Pal Sk © >Pall 1> d >PHSPdt

3. Tell the relation of the column space and linear system (h\ma (Derw‘ts)
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I Recall: Motivation and Informal Definition

Qo[/w(\'ow
What are special about lines, planes”

(Compared to circles, balls, ellipsoids, etc.)

Closed under linear combination

(" Informally:
Linear space is a set with rules forkmg( scalar multiplication:

1) Standard proper f addition and scalar multiplication:
i) anydinear combination lements is/mssp@
(,[oad undey LC




I Recall: Euclidean Space and Matrix Space

Eg 1: R" is a linear space, called n-dimensional Euclidean space.

Verify Informally: Euclidean space is a linear space, when /

equipped with addition and scalar-vector product /j
n_ | TX ~ l CA.O-CI‘;
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Eg 2: IS a linear space, called a matrix space. J

Verify Informally: Matrix space is a linear space, when
equipped with addition and scalar-matrix product
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I Example: polynomial space (3rd typel 15) .

Eg 3: Set of polynomials with degree no more than k “is” a linear space.
l =
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I Exercise (informal)

Assume@s equipped with ddtn and scalar multiplication.
Are the following linear spaces? Verify by thefinition.

C/b( ﬂ fE'M"' Q ﬁ'{z"wf’c {r?firpn?gr:problems do not appear in hw & exam]

\/() Set of n X n upper triangular matrices. = = ~0l

UD Ser °”l N« nrmzemo' q?vv’ *()'DZT’W [ } ﬂ) [OQ} +10Q]G( ]
XZ ) Set of n X n elementary matrlces. (‘z ? g] [ ]
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I Linear space inside a linear space?

(x € R?:x, = 2x,}. — /

They are e w0 Flm&

Linear space inside a linear space.

We call them Sub 7@& 17K




| Subspace: Definition and Verification

Definition 11.2 (subspace) '§m¥9 0 (. o gaL(%‘l’) 4\- (/:M@V> 5}70&

Suppose V' is a linear space.

We say W is a subspace of V' if two conditions hold:
) Wisasubsetof V&

S

i) Wis alinear space,

—
~

In words: A subspace of V is a subset that is itself a linear space.




Subspace: Definition and Verification

Definition 138 (subspace)
Suppose V' is a linear space.

We say W is a subspace of V if two conditions hold:
) Wisasubsetof V;

i) Wis alinear space.

In words: A subspace of V is a subset that is itself a linear space.

")we]{ S zﬂ_
roposition 12.1 (criteria of subspace t/

Suppose V' is a linear space. W is a subspace of V if: ook
) Wisasubsetof V; S

i) W contains the zero element: 0 € W; ihe real number 0. 0 € I~
i) Wis closed under additon:u+ve W,VuveW. Q[;fgz)wab,
iv) W is closed under scalar multiplication:au € W, Vu e W,a € R. ) C

/

Informally: A subspace of V is a subset that is closed under linear combination.






yIv4
Remark: Easier Way to Verify Linear Space

Note: Verifying linear space formally is a bit long.

Verifying linear space informally is... informal

f you already have a linear space (often R") and a subset,
then checking linear space formally is easier.

Key property: closed under linear combination

Extra property: containsﬁele\@

/




I Exerciseg )

In the following, assume the set is equipped with standard addition and
scalar multiplication.

Are the following linear spaces? Verity formally.
DE
1)-Setof n X n uppertriangular matrices.— n AXA
Gubstt af R o R

((ihegr 5]7%)

2) Set of n X n elementary matrices.

3)R'UR2. Not [ Gubseh
O": O I(r\alluh cpl
4) {[1,2],13.,4],10,0]}
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I Subspace Examples

Eg 4a (biggest subspace) V is a subspace of V.

Eg 4b {0} is a subspace of R”. { 7/} /S .G Sub};v
h—?iﬁO
Verification: ‘ D #0.
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A Nontrivial Discrete Set is NOT Linear Space

Observation: A nontrivialdiscrete seNs not a linear space.

e
Trivial discrete set: {0} is a linear space.

Egl: a single point is NOT a linear space.

Eg2: a set of twe-peints{u, v} is NOT a linear space. .

v

Motivating Question:

How to expand the!to @wear s@

X



Motivation: Expanding to Linear Space

Motivating Question:
How to expand a discrete set to a linear space”?

Surely, thm that contains the set is a linear space.

That's NOT interesting.

An interesting questiOn 1S Remark: Identifying a good question
|s extremely important!
In many cases, the question is much
more important than answer!



Motivation: Expanding to Linear Space

Motivating Question:
How to expand a discrete set to a linear space”?

Surely, the whole space that contains the set is a linear space.

That's NOT interesting.

An mtereshm;,qu&s@@g Remark

|s extremely Tmportant!

In many cases, the question is much
What IS thw"near Space more important than answer!
that contains{v,...,v }?




I Expanding One Element
" 20

K
Egl: a single poin inear space.

Let’s analyze what a minimal space V should contain. 057

First, wﬂd_b_e_iny; —0.5v should be in V; /
-V

(—5
In short, >V should be in V.

V is at least N\f{o(i?/o(é@S
s this enough? Is M & (hes gfm7
Yes. @ swset o R'.

D 0em, 00VEM
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I Expanding Two Elements

Eg2: a set of two points {u, v} is NOT a linear space.

Let’s analyze what a minimal space V should contain.

First, au, av should be in V.

V is at least -‘ o<'(?) U{D‘B) ,

s this enough?
)_5 V O, (\ﬂ'\@&r QJ?%Q/?




Expanding Two Elements

Eg2: a set of two points {u, v} is NOT a linear space.

Let’s analyze what a minimal space V should contain.

First, au, av should be in V.
V is at least

s this enough?

Second, au + /v should be in V.
— -
Visatleast M = { o+ PU

o, feRY
s this enough? i.e. Is M a linear space? \r{s‘
Check 5%,9’ €N :7«7(—(—(77@/\/\




Key Property! LC}o@ isLC
Méi@a peR}

Check _’\y é/\/\@»/&X-rlag é/V‘ VMGQ
e o(wd+pi¥) +b ow#?) M

(@it hos) ¥ + (ep oV et LC of LT

Key property: l?u +
Linear combination of ivvo linear combinations of u, v
IS a linear combination of u,v.

L C v( LC & [C




Expanding Any Number of Elements

EQ@IS NOT a linear space.

Let’s analyze what a minimal space V should contain.

M2 (D(‘m‘f ~+uf “n‘fz{‘xn“éﬂ?) V‘}

— {

.should be in V.

s this enough?i.e. Is M a linear space? YZ{ _

Check Q,}'é/\/\ﬁ AV%% EM



I Definition: Span

ition 11.3 (span)
Suppose Vis a linear space.

Suppose % = {u;,u,,...,u.} is a subset of V.

The span of % is defi S
span(%) =({au; + ... +au, | ay, ...,a, € R})) Set
: Xhe span (of elements of a linear space) is the set of
giffmear combinations of these elements

Fact: The span of any finite subset of V is Mf V.

~ (med h te
(o5t fﬂw l)cjei)

Eg: W={su+1v|s.r€ R}isthespanof {u,v}.
Remark: For simplicity, we can also say W is the span of u, v .

/
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I Span of Unit Vectors

(o I l I“’"’

Consider tyo pomts (1 ,0), (0,1) on the plane.
/(| -~ & <
Span{(10), O} is & o
Proof: fm cleme=t R" con be wrtien | /@"?jz{
. - . C Spea ({2 2)
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Claim: spanie;, e,, ..., e }:ﬁ"

Reverse: (formal term defined next page)
leg,e,,...,e }isthe 4]?"‘““6 st of R







I Definition: Spanning Set

Definition 12.2 (spanning set) q/( iﬂ \/

Suppose Vis a linear space.
Suppose % = {u;, W, ..., W, } is a subset of V.

f sezl(%) =V, then we say # is a spanning Seﬁl@ or

Eg (e, 6),...,€,} is@spanning set of(@

\

Eg:\{uﬂl@spanning setof W={su +rtv. | s, € R},

&

“Ueh



I Span of Unit Vectors

Exercise: Find a spanning set of the matrix space.

e.g. R?*? [2 (ﬂ

Remark: Spanning set is NOT unigque. Cannot say “the spanning set”.
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erminology

-quivalent statements:

lau,+...+au |ay,...,a € R}isthespanof {u,,...,u }.
1Y Ui | 4y k 1 n

ag,...,w.} spans {gu; + ... +qu, | ap,....,aq € R}

{a,...,u }isaspanningsetof {aqu; + ... +aqu, | a,...,a, € R}

Remark: Spanning set is NOT unique. Cannot say “the spanning set”.

Eg: {e),€,5,...,¢e,} is a spanning set of R".
1€, 6, ...,€,} spans R".

R"is the span of {e;, €5, ...,€,}.



Intersection and Spanning

Intersectign: getting smaller and smaller space

/éSp/ar®ﬁ7Gettgg layger and larger

W




I Summary Today (write Your Own)

One sentence summary:

Detailed summary:



I Summary Today (of Instructor) M.
7

One sentence summary:
We study subspace, span and column space.

Detailed summary:

1.(_Subspac

—Verify subspace: §ubset) g@nd@@
—A single eﬂuahon can define a subspace Cgohét/hex NtJ

8. Span) Vrb, nown .N/ LC U]‘ et

—Span of a set is the minimal linear space that contams the set
—Explain why the spamisa subspace: LC of LC s LC

—Span of {e;s} is R".

3. Column space
—Def: It is the span of columns of a matrix

—Ax = b solvable iff b € C(A).



