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1751\

Instructor: Ruoyu Sun & B XK FCRID $O% A FF R

I ‘igﬁ The Chinese University of Hong Kong, Shenzhen | School of Data Science



I Roadmap of Semester

Segment 1 Solving linear systems (Lec 3-15);

Next [Lec 16-20]: Three relatively independent parts:

—Orthogonality. Least squares; orthogonal matrix (Lect 16,17)
Segment 2 —Determinant. [Important tool!] Lec 18

—Linear transformation. [Advanced math perspective of matrix]

They are not directly related to solving system/problem,
but are fundamental and useful tools.

Segment 3 Lec 21-26: Eigenvalues and singular values.



Today’s Lecture: Outline

Main topic: Determinant

1. Motivation: Condition for Invertibility
2. Definition of Determinants by Geometry and Derivation

3. Properties of Determinants
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Today’s Lecture: Learning Goals

After the lecture, you should be able to

1. TeIItP@etrical meaning of determinant

— .

2. Use the properties to compute determinant of a matrix

Advanced goal:
Learn how to compute a complicated quantity based on simple
properties. [“Simplification Framework"]
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Recall: Equivalent Conditions for Invertibility

(Equivalent Conditions for Invertibility)
Let A € R

The following statements-are-equivalent:

1. A isinvertible
("~ <

2. The linear system AX = 0 has@ unique solution X =0,

e

(3. A is a product of elementary matrices

A has n pivots; or equivalentl nlo-l_ (o Wf““‘
The colum 2 sl dWeoHJ

The columns of A are Iiaea/rﬁdepenﬂe\@
~ L

The columns of A form

dim(C(A)) =n
dim(N(A)) =0or N(A) = {0}
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Part| Motivation




I Recall: Homework Problems

Homework problem: When is a 2 x 2 matrix invertible?

A=[? Z] pd— ke £0



I Recall: Homework Problems

Homework problem: When is a 2 x 2 matrix invertible?

a b

A =
c d

Answer: Iff ad — bc # 0.

Advantage over the 9 conditions in Thm 15.2:
Closed-form expression to judge invertibility

Remark: We had an expression of inverse, but:
—no expression of “judging invertibility”;
—rely on an algorithm.



I Motivation: Find an Invertibility Condition

Let A € R™" be a real square matrix 43;4, @\

Question 18.1: [extension of invertibility condition] 4 (o 0(¢‘f£rn4e
Can we extend (ad — bc) to n X n matrix, i.e. find a(determin;):E)h mﬂtla"

condition det( - ) : R™" — R (actually a function) such that (G#"”k]')
det(A) = O iff A is invertible? -

Question 18.2: WHAT is ad — bc ?

The fundamental understanding can help answer Q1.



I How to Tackle Q2 at all?

Open-ended questions are often hard.

But there are patterns.

{ P

Powerful view to tackle sueh“whe Jestion:

GEOMETRY|




I Understanding ad — bc

Homework problem: When is a 2 x 2 matrix invertible?

Az | @ Answer: Iff ad — bc # 0

Question 18.2: WHAT is ad — bc ? 1 Yzb“‘”

Understand by GEOMETRY! (By Cauchy) ([a ))




I Understanding ad — bc

Homework problem When is a 2 x 2 matrix invertible?

A=

L C d_

a b

Answer: Iff ad — bc % O.

Question 18.2: WHAT is ad — bc ?
Understand by GEOMETRY! (By Cauchy)

A

)
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I Understanding ad — bc

Homework problem: When is a 2 x 2 matrix invertible?

A=l D Answer: Iff ad — bc # (0
_C d_
Question 18.2: WHAT is ad — bc ? Answer: The area of a
Understand by GEOMETRY! (By Cauchy) parallelogram formed by the

column vectors!

( lom
00' "})C = (Areeo of Pambldoamm

Tormd fay Columns L?] [3] .
(preo. of big rectogelor)

._.( ] small (Povfs)

(¢ +d) —ac — bd — 2bc = ad — bc



I Degenerate ad — bc

@)n\Z'WHATisc@ “’ //////7/

Area of the parallelogram

(formed by tfrom the matrix)! | ale&)anwﬂ (Rte)

0 u, Us
What does )/ mean? ‘ 7 i
It means the area of the“parallelogram is U
7= (ene [ne)

Equivalently, the two column vectors are POY@(LQ(

~

wfzm
Equivalently, the matrix is \J& | ’ [\vl;yehlsb\



I Understanding ad — bc

Question 18.2: WHAT is ad — bc ? Area of the parallelogram
When is a 2 x 2 matrix invertible? Iff ad — bc # 0.

New Interpretation: A is invertible iff the area of the parallelogram is non-zero.

Logic chain (32 55%%): (50 )

We observe: ad — bc is the area of the parallelogram of columns.

ad — @ the area of the parallelogram of columns = 0.
= 09(}&0 on the eme (he

[w«n 1/\-44"*
\Amm&ﬂh/

We knew (from homework; algebraic proof)

M=) &) A net muertible




I Extension to Higher Dimension

Question 18.1: [extension of invertibility condition]

Can we extend , i.e. find functiondet() s.t.

— ONff A is invertible?

Answer: Let’s extend the geometricm@to higher dimension!

Exp.»];lu af ca%fut"*ﬁ (/olumt;,
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I Extension to Higher Dimension

Question 18.1: [extension of invertibility condition]

Can we extend (ad — bc) to n X n matrix, i.e. find function det() s.t.
det(A) 7! 0 iff A is invertible?

Answer: Let’s extend the geometrical meaning of “area” to higher dimension!
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I Higher Dimension

Uiaher dimensim (0‘/}»:4,,(‘,1070”,’)

http://HighDimsetformedbyvectorsHigherd.me
J

N Column yectors of AeR"

form o set m R"

”l/OZWNH is the iholicator of
the 502 "f the set, v
Maﬁsﬂb’)\? Ao w [ar ¢ the set b .

RQMNIL [—fw moda'vj,] The set D ( ‘J,f—'-o(c-'l-lf-: D<o <, ;‘:1,«,»\]_
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Part Il Properties and
Expression of Determinant (1)




I Extension to Higher Dimension

Question 18.1: [extension of invertibility condition]

Can we extend (ad — bc@ n X n matrix, i.e. find function det() s.t.
| det(A) = 0iff A is invertible?

“Volume” |

How to compute th ”volu@ (Of Po((xfco/za)
Philosophy: If you find it hard to think about thg@ then it’s

helpful to start with ' t special casey..




I Recall: How to Compute Area from Beginning?
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I An Original-Unit Framework

How to compute “volume”?

Idea: Simplify!

An Original-Unit Framework [or you name it]

(Mate A to simpl@ B

(Req?2) Building block: Compute me” of simpler r@ HIKE

Is this enough?




I An Simplification Framework

How to compute “volume”?

Idea: Simplify!

An Simplification Framework [or you name it]

(Reql) Relate A to simpler matrices B; . &1t

(Reqg?2) Building block: Compute the “volume” of simpler matrices EZNEJT,

Is this enough?

(Req3) Original-Unit Property: Relation and ‘

—
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(Req3) Relating Original and Units

(Reqg3) Original-Unit Property: Relation of det(A) and det(B,). [H{5-E

ATTR R

Notation: Denote |A | = det(A)

Desired Property P1.:
The determinant is a linear function of each row separately.

Whenn = 2 :

(P1.1) multiply row 1 by any number ¢

(P1.2) Add row 1 of A to row 1 of B:



I P1.1 Scaling a Row

: 2multiplyrowlb@n@ 1%?’:&—[23/
ﬁ‘\}erify:

6‘Q0m¢‘h’lwud D@]\o‘(’,? P‘ZL[ (alb) (c, d)] /3! f/n Pom'(/elg?wm ‘fﬂfhd
h’ two vectors (o, h), (c.d)
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I Exercise ([ pow - Sl ’m

20 2b | -
W}\M > 2c 2d )
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I P1.2 Adding Single Row 2% 092['*‘“

s ey
) C {.’ (b) + b _lar bi| | |az b
Add @‘ (¢ == 1=l zlTle 4l

B da_ d
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T e e S
So T Aree of PARL (8.,b), (c.d)]
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I Sum instead of Single-row-sum

det(A+B) = det(A) + det(B)? [ o F

/ 0(‘\'01 [7) +b\12 " 6\ | + 0, by |
/{,‘-rc: d+dy c, d, ¢ by
_/_j — —

\\ L e 2 teyms
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I Applying to n=3

(Reqgl) Relate A to simpler matrlces B;.

ik
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(Reqg3) Original-Unit Property: Relation of det(A) and det(B,). @
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Part lll Properties and
Expression of Determinant (2)







I Tool 2: Determinant of Block Matrix
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I Corollary: All-Zero Rows or Columns

rollary: If one row or column of a square matrix A is zero, then det(A) = 0.
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I Computing Each Term: Reduce Size

dyp dyp dgj 255 50) 5k
yy dpy dp3| = ryy dpj 253 rys| + [dp1 dpp :
d3; dz ds3 a% 43 33 d3; dzp

(5t tem
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I Desired Property 3: Swapping Columns

Desired Property P3:

Swapping columns —->

Check n =2:

o b
1C

OAvvjﬂ‘ the fﬁﬁ «f‘the determinant.

:-0\0(“17C -
w

yeloton

Otherwise, contradict definition of n=2.

Apply to n=3:
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2 "l:ad»bc, > “ores’

Yy Ny Counter-clockw.se . r
/:/, 7?6/[)( +" dﬂ'[

(1,0)

(0.1)
E9. /(()tlolr—l OT/—J ke Aot (e, 2] = _

(1,0)

Two determinants are different; ()’Ydjv mﬁm ,

Both are rectangulars formed by e, é,.

How to differentiate?

New interpretaﬁo@ @6 3. )




Geometry Interpretation of Swapping Columns

I’ 0 = -1, Ol_@igl,’QZJf‘l.

0 —I
| =

Two colamn vectors [ 0 . [f_"] form 0 Squere with oreo 1.

Under the new interpretation: oriented area =-1
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I Third Term: Swapping Columns Once —>

F\

2nd term: Oy,
0— 0 (03 o) 0 0O
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I Wrap-up: Compute Determinant for n=3
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I Understanding via Simplification Framework

(Reql) Rela simpler matrices B, .

root L) > 00)
i B A
7@/-J—\J )Q+7@)/
(ReMCompute the “volume” of simpler matrices
Bip A / ()( % €>
Cowx [Zh|EX] @
L < XK /

(Reqg3) Original-Unit Property: Relation of det(A)

A x X
< 7 XK
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d det(B,).
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I To generalize: Notation of Cofactor

—
@ dip dz ajp (@) a3 dyp A 43
dyy (dpp 43 21] G2 (A3 21 | 43
asy |Gzp ds3 31| 432|933 a3 Az ds3
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I Definition of det(A)

Let/A € R™" e a real square matrix
3 =

Denote b@e RO=DX0=1) 3 matrix formed by deleting the i-th row and

C——
J‘-th/columa_oiA,caued

Definition 18.1(Determinant)
For ascalar a € R, define det(a) =

Forany A € R™" with n > 2 define

dei) = 20 ) e(M, )ay, = O olbrn) ~ s ok (M) -

This is a recursive definition! B35 EIE Y]
Can expand along any row. :H"* OH Mm) 4 (*f)b%* Wu)ﬂn
+







Properties

It is not hard to verify:
det() defined in Definition 18.1 satisfy the two desired properties.

Property PO [transpose] det(A') = M (A)

Property P1 [row/column-linear]

The determinant is a linear function of .ega(-, nw % @04 CO/

Property P2: [row/column exchange]

Swapping columns or rows d7¢ Qﬂn of the determinant.



I Examples of the Laplace Expansion

+c
g 1 g h

:aef_b(df d e

h 1

—aet +bfg+ cdh — ceqg — bdi — afh

é terms




I Examples of the Laplace Expansion

Example

Evaluate
0

0

2 3

= 2. (137 } = —2:3-(10-12) = 12

@xfwo‘ DtL’OV\j Ony. 103 L (olswns.




I Examples of the Laplace Expansion

T
Example 11111
2.2 12 2| (Ri-Rishs
12123 (RZZIRiiRZ)
1 1 1 3 2 Rs——R1+Rs
1111 4
11111
11011
=10 1 0 1 2 |(expand along 3rd column)
000 2 1
0000 3
1111
0112
_(_1\1+3
=070 0 2 1
000 3

=(1)(1)(2)(3) =6



I Summary Today (Write Your Own)

One sentence summary.

Detailed summary:



Review Questions

How many properties do we have today?
What are they?
Which ones are most nontrivial in your opinion?

Why do we study determinant?
Do you know something that you don’t know before?
What is it?

Advanced questions:
If you were to compute the “volume”, how would you compute it?
Can you think of a different approach (different from using Property P1)?



Summary Today (Write Your Own)

One sentence summary.
We learned determinants.

Detailed summary:

Motivation:

—ad — bc # 0 is a simple criterion for invertibility.

—To extend it, we notice it indicates “area” of parallelogram.
—Motivating question: how to compufe/deﬁne “volume” of polytope?

Computing “volume”:
—Overall idea: “Simplification” framework

—Properties: linear over rows/columns; swapping columns changes sign.
—Definition: Laplacian expansion over 1st row.

Properties:
—det(AB) = det(A) det(B)
—det(A) # 0 iff A is invertible



