
Lecture 20

Instructor: Ruoyu Sun

Linear Transformation II



Today’s Lecture: Outline

Main topic: Linear transforma1on II 

1. Two Defini1ons of Linear Transforma1on 

2. How to Derive Expression of Linear Transforma1on 

3. Linear Transforma1on on General Linear Spaces

Strang’s book: Sec 8.1, 8.2 



Today’s Lecture: Learning Goals

AIer the lecture, you should be able to

1. Tell two defini1ons and why they are equivalent 

2. Verify linear transforma1on and compute it for Euclidean spaces  

3.  Tell the rela1on of linear transforma1on and matrix 

4.  Verify linear transforma1on and compute it for general linear spaces  



Midterm Exam Design Idea



Midterm Exam Common Issues

    C(A) = n - dim(N(A)).  
    Issue: LHS is a space，RHS is “dimension” which is a number.  
               Cannot be the same 

C(A) = c_1 a_1 + … + c_n a_n
Issue: Confuse space and vectors.

C([A,B]) = { a_1 , …, a_n, b_1, …, b_n}



Review



Transforma1on: Vector Input, Vector Output



Rotate Photos



MoBvaBng QuesBon

Yes, I know you can do it on the phones. 

How do the phones accomplish the job? 

QuesBon 1:  Is it a linear transforma1on?

QuesBon 2:  How do I derive its expression? 

→
?



Part I Another Defini1on of 
Linear Transforma1on



Property 19.1 [superposiBon property] 

If  is a linear transforma1on from from  to , then 
             

f ℝn ℝm

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn .

In words, transformed LC of vectors = LC of transformed vectors.

Linear TransformaBon ==> SuperposiBon (叠加)

Examples:

Non-examples:



In words, transformed LC of vectors = LC of transformed vectors.

Corollary 19.1
If  is a linear transforma1on from from  to , then 

 .  
f ℝn ℝm

f(αx) = αf(x)

Linear TransformaBon ==> SuperposiBon (叠加)

f(x + y) = f(x) + f(y), ∀x, y ∈ ℝn .

Property 19.1 [superposiBon property] 

If  is a linear transforma1on from from  to , then 
             

f ℝn ℝm

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn .



Mapping

Definition 20.1 (Mapping)

Let  and  be two sets.V W
If for any  there is a unique , then we say  
T is a mapping from  to .

v ∈ V, w = T(v) ∈ W
V W

 is called the domain of the mapping.V
 is called the codomain of the mapping.W

Special case: 
Suppose  is a func1on from  to ,  

  is called a mapping from  to 
fi(x) ℝn ℝ i = 1,…, m .

f(x) = ( f1(x), …, fm(x)) ℝn ℝm .

Remark: Can also call it “vector func1on” (向量函数).



SuperposiBon ==> Linear TransformaBon

Theorem 20.1  
If a mapping  from  to  satisfies  
       , 
Then  is a linear transformation from  to .           

f ℝn ℝm

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn

f ℝn ℝm



Proof for m = 1

ProposiBon 20.1 (n=1 case for Thm 20.1) 
If a func1on  sa1sfies 
         ,  
then we must have  for some .

f : ℝn → ℝ
f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn

f(x) = a⊤x a



Proof for =1, n=1m



Proof for =1, n=2m



Proof for =1, general nm



Proof for general m, general n



Another DefiniBon

DefiniBon 20.2 (alternaBve definiBon of LT): 
If a mapping  from  to  satisfies  
       , 
Then we say  is a linear transformation from  to .     

f ℝn ℝm

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn

f ℝn ℝm

Equivalent defini1on to Def 20.1.

Using proper1es to define sth.



Linear TransformaBon in Euclidean Space: Two DefiniBons

DefiniBon 20.1 (alternaBve definiBon of LT): 

If a mapping  from  to  satisfies  

, 

Then we say  is a linear transformation from  to .     

f ℝn ℝm

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn

f ℝn ℝm

Two equivalent definiBons: 

DefiniBon 19.1 (matrix form): 
Suppose  is a given real matrix. 

 is called a linear transforma1on from  to 
A ∈ ℝm×n

f(x) = Ax ℝn ℝm .

⼀
ax

∞
x肯

⑨ →
「

冖⼀

←



Why Equivalent

Theorem 20.1 [Def  20.1 ==> Def 19.1] 

If a mapping  from  to  satisfies  

       , 

Then  for some matrix          

f ℝn ℝm

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn

f(x) = Ax A .

Property 20.1  [Def  19.1 ==> Def 20.1] 

Suppose :    is defined as , then 

             

f ℝn → ℝm f(x) = Ax

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn .



Part II   Expression of Linear 
Transforma1on  



Transforma1on: Movement



DescripBon of “RotaBon”

→

Rota1on is a “transforma1on”.

Precise descripBon of rotaBon:
“Rota1ng an image around point O by degree ” means: 
For any point , the new point X’ sa1sfies 

θ
X ∠(OX, OX′ ) = θ .



Q1 How to Check Linear TransforrmaBon

→

QuesBon 1:  Is it a linear transforma1on?
Check: It sa1sfies Property 19.1



Checking Linear TransformaBon: IntuiBon

QuesBon 1:  Is it a linear transforma1on?

Rule 1: Lines to Lines. 

f(αx + βy) = αf(x) + βf(y), ∀α, β ∈ ℝ, ∀x, y ∈ ℝn

Fix , consider all x, y α, β ∈ ℝ .

Rule 3: Origin to Origin. 

Rule 2: Equally spaced points to 
equally space points. 

α + β = 1

α = β = 0

⼀ ⼀⇐ 「

⼀

→ Imiddlept

emiddep
f1 -10 -01- 0 -0 .



DerivaBon of “Lines to Lines”

Ω1 ≜ {αx + βy ∣ α + β = 1} Ω2 ≜ {αf(x) + βf(y) ∣ α + β = 1}

Geometrical interpreta1on of (1) is

(1)



Use 3 Rules to Check

QuesBon 1:  Is it a linear transforma1on?

Check: It sa1sfies Rule 1, 2, 3. →

O→
①

Rulb:

1

③

,
A
'

rotate θ

“ AA→

θ
;
.

B 1→
B

1

C… 「 C→ C
Q

∠

0⇌
「'

B

i3i ,sane.eo similortrongles , 全等⻆形Conproveby
②fHl is the middle point of B

'
c
'
,



Q2: Math Form of RotaBon

→
?

Q2:  How to derive its expression? 



Reading: Direct DerivaBon



Special Case: RotaBng by 90 degree

Example: Rota1on by 90o

⟶



Example: Rota1on by 90o

⟶

⟶

Special Case: RotaBng by 90 degree





Q2: Math Form of RotaBon

→
?

Q2:  How to derive its expression? 
From basis! 





CompuBng Linear TransformaBon

ProposiBon 20.1
If  is a linear transforma1on from from  to , then 

              

f ℝn ℝm

f(
k

∑
i=1

αivi) =
k

∑
i=1

αi f(vi), ∀αi ∈ ℝ, ∀vi ∈ ℝn, i = 1,…, k .

Algorithm 20.1
Step 1: Pick the standard basis { } of .e1, …, en ℝn

Step 2: Compute f(ei) ∈ ℝm, ∀i .
Step 3 (?): For any , we have x ∈ ℝn

f(x) = ∑
i

xi f(ei) . Enough to compute f(x). 
But if want to write f(x) = Ax, need extra step.



Matrix of Linear TransformaBon

Step 3 (?): For any , we have x ∈ ℝn

f(x) = ∑
i

xi f(ei) ∈ ℝm .

This formula computes  for any . f(x) x
Can we write it as  for some  f(x) = Ax A?



CompuBng Linear TransformaBon

Algorithm 20.1
Step 1: Pick the standard basis { } of .e1, …, en ℝn

Step 2: Compute f(ei) ∈ ℝm, ∀i .
Step 3: Form a matrix A = [ f(e1), f(e2), …, f(en)] ∈ ℝm×n

Conclusion: For any , we have 

 

x ∈ ℝn

f(x) = ∑
i

xi f(ei) = Ax .

 is the matrix of the linear transforma1on .A f



Analyzing TransformaBon: Eg1

Eg (translaBon, 平移):  
Suppose T  =   
Is it a linear transforma1on? 
If so, find  such that T( ) =  

(x1, x2) (x1 + 1, x2)

A x Ax

IntuiBon: Lines to lines; but origin NOT to origin .



Analyzing TransformaBon: Eg2
Eg: Suppose T(x) is the projec1on of  onto -axis. 
Is it a linear transforma1on? 
If so, find  such that T( ) =  

(x1, x2) x1

A x Ax

 T( ) = x1, x2 x1

Method 1:

Method 2: 

IntuiBon: Lines to lines; origin to origin.



Eg:

Is it a linear transforma1on? 
If so, find  such that T( ) =  A x Ax

Analyzing TransformaBon: Eg3

→> om

lNHO11

时=

= 11011 = L (τ) F -C) . ((8 )



Eg: ProjecBon onto Circles ( Dropping apples to eorth )

Answer ; No :

⼀

/ ÷^
1

line le7 of
-nade

1GTWT
,



Summary Today (Write Your Own)

One sentence summary:

Detailed summary:



Summary Today (Write Your Own)

One sentence summary:

Detailed summary:

We learned general linear transforma1on and how 
to “express” it.

Deriving Expression of Linear transformaBon (Euclidean space) 
Find basis; Find the transformed vectors. Put in columns of a matrix. 
  —> Matrix of linear transforma1on.

Linear transformaBon between two linear spaces. 
 —Define by superposi1on property.  
 —Differen1a1on is a linear transforma1on. 
 —Find the transformed input basis elements; 
     Find their vector representa1ons under output basis; 
     Combine these vectors to get a matrix. 

① Two defhitions of lheortrensformctlom .

②

盛⽻OOO⑨→


