Lecture 20

Linear Transformation Il

Instructor: Ruoyu Sun @ BT LR FCRID REAEFR
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I Today’s Lecture: Outline

Main topic: Linear transformation Il

1. Two Definitions of Linear Transformation

2. How to Derive Expression of Linear Transformation
ﬁ_ﬁ —
G L i

3. Linear Transformation on General Linear Spaces

Strang’s book: Sec 8.1, 8.2



I Today’s Lecture: Learning Goals

After the lecture, you should be able to

1. Telmnd why they are e@

—
2. Verify linear transformation and compute-it for Euclidean spaces
=

3. Tell the relation of linear transformation and matrix

4. Verify linear transformation and compute it for general linear spaces
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I Midterm Exam Common Issues
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Transformation: Vector Input, Vector Output

transformation
| S—

function

Vector inpu Vector output
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I (Rotate Photos 2
How to @Mone




I Motivating Question

Yes, | know you can do it on the phones.

How do the phones accomplish the job?

/
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Qu/estion 1: Isit a@ear tra@
Question 2: How do | lve its expression?




Part | Another Definition of
Linear Transformation




I Linear Transformation ==> Superposition (Z )

Property 19.1 [sugerposition property]

If fis a linear transformation from from R" to R"™, then

~ flax+py) = af) + ff(y), Va.peRVxyeR" )
(c = ([C 0{;
In words, transformed LC of vectors = LC of transformed vectors.

Examples: /ﬁx) =2X

Fronce B9 = 2o x#py) = o2 + p{4) = o<foo-pf

Non-examples: _I:_Tx) —~ Xz

fooetn= ety 5ot

F X Py (= efiortf)




I Linear Transformation ==> Superposition (Z )

Property 19.1 [superposition property]
If fis a linear transformation from from R" to R™, then

flax + py) = af(x) + ff(y), Va,p€R,Vx,y € R". (X)

In words, transformed LC of vectors = LC of transformed vectors.

Corollary 19.1
If fis a linear transformation from from R" to R", then

flax) = af(x). 9,
fx+y) =fx) +£(y),Vx,y ER". @)

£ jL(x):ZX
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x<y) = Z(X-fj)
-ﬁ y jzsc-évj :-ﬁx)_ﬁf(w



I Mapping ) 1 -
Definition 20.1 (Mapping) E’ >

et Vand W be two sets.

If for any v € V, thereis a unique w = T(v) € W, then we say
T is a mapping from Vto W.

V'is called the domain of the mapping.

Wis called the codomain of the mapping.

.

Special case:

Suppose f,(X) is a function fromR"to R, i = 1,...,m.

fx) = (fi(x), ..., f,(X)) iscalled a mapping froc@

Remark: Can also call it “vector function” ([a)= & 2X).

—




LT= sp
i

Superposition ==> Linear Transformation

@rem ZD

f a mapping ffrom R" to R™ satisfies

flax+ py) = af(x) + f Va,p € R,Vx,y € R",
Then fis a linear transformation from R" to R™,




I Proof form=1

Proposition 20.1 (h=1 casefor Thm 20.1)
If a function f : R" —{R/satisfies

flax + py) = af(x) + pf(y), Va,p €R,VX,y € R”,

then we must have f(X) = a' X Jor some a.
Ve A\ =

| x|

E?(QYCC% X PVVUL thet ‘T ’f’Q-‘)R 90-’H§f‘es 6¢) ]Q’V n=|,
then f(x):ax , V xelR fw some QRER.

Hint. ket fm { f(%)? f(z‘n?

Exercise 2, Prowve thet nﬁt f: R R sansfios (%), thea
o f(x): nx teéxx, 74» some 0,0, R



I Proof for m=1, n=1 : o
pﬂ"“\a 55, (pn dtioms Conclusimm
ﬁf‘“""“f" (O \ Vot f(x)zox for some 6.
f(x+9)=]‘tx)+]‘(9> @

fint, Whet 1s f@ 1 f0 2 f297 | et do we hope £ fo feo o be?

Jﬁ(é)=3‘f(‘) £ ’—} 7%;):34

@
ot . (X) = T(xs4) = XJU) = 6'X,
ffi ]C JQ (,,xaf osf



I Proof for m=1, @

Condviﬁvs: f(olﬁ)v d-)c()c) 0, ]C(H,) fmfﬁ” 3 jL("‘X*N)
Ww»f: ]t([ = O0X+ 6% qu Some 0,0z S ﬁx)qc[»fuz 6%

A‘na\ $is, 'f/ > Lé] :[ }J:Zﬂ(ﬁ#i
02 S0 Afrerrzge [F
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Then f([" ]a(xel'f’ X el)

& )(,f(z' + X fre)
= 00Xt 02, hort bEfe)0ofee




I Proof for m=1, general n

Conditms; flotx)= & {00, fixty)= fmfﬁy)‘@, f-R9R
Wont . foc): 07X, YxeR” for some o eR"

mf S{[E]) fonete+xe

- Y fre\) £ Yo ]Lm)

= 06 X F- » TeX,
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I Proof for general m, general n

Cohd\'iﬁm: )C(ot X) = d‘fO‘), 0, focw): f(x)ffw). @. fiﬁnﬁfkﬂ?
Wt f(x) = AX, VxeR” for some fe g™

From on[) 20.1, WL 9€t:

Uxy = T RPN
‘Nﬁf:(x), 0. x, Ao some b €RT
e b
Then f(X): B fl,(x/T {_ 0,7)( |

- Ax. D
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I Another Definition

Definition 20.2 (alternative definition of LT):

If a mapping f from R" to R"™ satisfies
flax=+=py)=afX)+p(y)» Va.p R, Vx,y e R"

Then we say fis a linear transformation from R" to R™.

Equivalent definition to Def 20.1.

Using properties to define sth.



ILinear Transformation in Euclidean Space: Two Definitions

Two equivalent definitions:

07(

Definition 19.1 matrlx form
Suppose A € R™" s a giv rix.
f(x) —@ called a\inear transformatlon rom to R™.

Definition Zo.@eﬁniﬁon of LT):

if a mapping f from R" to R" satisfies

Sflax+ By) = af(X) + f(y), Va,p € R,Vx,y € R"

Then we say fis a linear transformation from R" to R™.




Why Equivalent

X =) P
Property 20.1 [Def 19.1 ==> Def 20.1]

—

Suppose f: R" - R"™ is defined as f(x) = AX, then

flax + fy) = af(X) + ff(y), Va,pe R, VX, y e R",

Veverse . @e/- —r A Alf

Theorem 20.1 Def 0.1 ==> Def 19.1]
f aW#mR to R™ satisfies
'flax + py) = of(x) + pf(y), Va,p € R,Vx,y € R"

Thenf@some matrix A .
dso. 2 of phs




Part Il Expression of Linear
Transformation




Transformation: Movement

AT AR R S 3 % B

The word “transformation” suggests

that you think using movement




I Description of

—

)&
Rotation ism g(f[)m

Precise description of rotation:

an image arounc ogree(” means:
For any pom%‘ghe new pomt X’ satlsﬁes L(OX OX') = (OXI’:/oX\
X' |
9 \,




I Q1 How to Check Linear Transforrmation

Question 1: Is it a linear transformation?
Check: It satisfies Property 19.1 /\
§<°(X+ (3}) = oofrx) + ’)f(y)” —

0‘(‘9; brove

99,0»2&0! evaa Vr}: do&a |




I Checking Linear Transformation: Intuition

Question 1: Is it a linear transformation?

flax + py) = af(X) + ff(y), Va,f€R,VX,y € R

Fix X, y, consideralla, f € R..

TRule-t Lines to Lines.
—=——¢ﬁﬁ'<

Rule 2: Equally spaced points to

e — e —
equally space points.

r

a=p=0 4VH(>UI¢’K) 2

(Eule 3: Origin to OrDin. -
f( 0)=0+0 =0 °




I Derivation of “Lines to Lines”

’Tl\e gM?.ZvPOSH'\‘W P'Nfﬂr‘iy |]mr(\'¢$
(e +pT): «ap=1) = {1 PfD); erp=) (1)
() & n,\f_,ﬁa. = tm_ﬁ(/u,

Ql—{ax+ﬁvla+ﬂ—1} Qz—{a&)+ﬂ&')|a+ﬂ=l}
Zo § hew | ﬂ =[he (2) Slo=lna, (2)
R+ 3

L74) ) 7002 JP 42 )

0 XNM‘* = \?‘K

Geometrical interpretat'i(&‘)”r‘\P of (1) is

| ine
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I Use 3 Rules to Check

Rule.

Question 1: Is it a linear transformation?

/

C
Check: It satisfies Rule 1, 2, 3.

A

@ A// BI, C/, Cone ry ( Con prove Ly S mi lor tﬁonglﬂs, /1\%73%)@?)

@ A’ 1s the pdddle /FO\W af B'c'.



I Q2: Math Form of Rotation

?

—

Q2: How to derive its expression?



I Reading: Direct Derivation | /\rak 5 o] c*wlu})

/\/\Hkool 1.

1 T (% ") =

We'(l provide o more je"m‘ method  pext

( ycoslet+9), row D)

(x.y) = ( reosot, rshe)
0
) % >
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WUhot's the relohim of
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Remor‘( Ths method mciu.'m Iuow.hg the tn gonometvic i dentties .

fov some o<, s0me ¥>D.

[ycos (< 19) }

(x,))
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Special Case: Rotating by 90 degree

Example: Rotation by 90°

‘ ][E}J:c e, Ted (1)



Special Case: Rotating by 90 degree

Example: Rotation by 90°

REENEE







I Q2: Math Form of Rotation

Q2: How to derive its expression? e
From basis' _ /\ .
e :
e’“[ ] [%9)‘/"_1"2 —

L ) > Tle ( 9]

x> (*‘) T

X)
T 0.) + Xl “(fz)

-rema)

- FM@ -0 " AX/W QQ(,AQ—X}QJ@’\
Xa L X0 + Kond
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I Computing Linear Transformation

Proposition 20.1

If fis a linear transformation from from R" to R™, then

i)a vaiER,VViERn,i=l,..,,k,

Algorithm 20.1
Step 1: Pick the standard basis {e, ..., e, } of R".

Step 2: Compute f(e;,) € R", Vi.
Step 3 (?): For any x € R”, we have

f(x) = Z xl.f(ei) , Enough to compute f(x).

; But if want to write f(x) = Ax, need extra step.




I Matrix of Linear Transformation

Step 3 (?): Forany x € R”, we have & H‘DW wn wn'te
=T o e foos A

This formula computes f(x) for any X.

Can we write it as f(X) = AX for some A?

)D(X) - Y(]ﬁhe\)‘f\“’(’%\ f(&>
S (e e ]
o L X

A




I Computing Linear Transformation

Algorithm 20.1 (2xd verient) A"W’" &} What w A

Step 1: Pick the standard basis {e, ..., e, } of R". M ]C(X) =A Xq,

Step 2: Compute f(e,) € R™, Vi.
Step 3: Form a matrix A = [ f(e,), f(e,), ..., f(e,)] € R™"

Conclusion: For any X € R”, we have

fx) = ) xif(e) = Ax.

A is the matrix of the linear transformation f.

F‘av rotehon, (we've psed A




I Analyzing Transformation: Egl

Eg m 2. T
Suppose T(x, X,) = (x; ;1 , X) +ﬁ A

Is it a linear transformation?

If so, find A such that T(x) = Ax W @

Intuition: Lines to lines; but originNOT)to origin .

- v/

=
Laﬁﬂ( TYWEMM f@ = foerb )
&AX:L; $)~.fw' g c)u«a>




I Analyzing Transformation: Eg2

Eg: Suppose T(x) is theﬁo_’[ection oM)n nto xj-axis. [\ _B

—

Is it a linear transformation? T
If so, find A such that T(x) = Ax S

Intuition: Lines to lines; origin to orjigin.

I -
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I Analyzing Transformation: Eg3

: M
_Eg: LetL:Rﬂ{beaWs: o’

L((x,y)") = Vx2+y?
Is it a linear transformation? 3 —~
If so, find A such that T(x) = Ax L( /U) = “/U ‘ ‘

L is not a linear transformation since_
LIV)= t=tnT)=L(=x-9T)
:\/(—X)2 +(—yP=vVx2+y2 #-L((xy)")
= I0(1 = LW F€i) t@)




I Eg: Projection onto Circles (P erf “FP’U > @VJ‘”

_[',o..sf,(amorb'o\n T: Gwen o cirde C.
For on X eR®, Commect OX, ord dlerste the htersechim of OX ond C 05 X'
This X' is defid 05 TOX).

Queston. s | o (ineer ﬁwff”""‘*‘”?

Answﬂ: /Vﬂs
/ T r
lM Fw‘t ol covde




I Summary Today (Write Your Own)

One sentence summary.

Detailed summary:



Summary Today (Write Your Own)

One sentence summary:
We learned general linear transformation and how
to “express” it.

Detailed summary: @ Two otaf{h.h‘m\s Lhesr fyausfumoﬂw.

@ Deriving Expression of Linear transformation (Euclidean space)
Find basis; Find the transformed vectors. Put in columns of a matrix.
—> Matrix of linear transformation.

. i~ .. - N - - _ I | SN



