Lecture 21

Linear Transformation Il

Instructor: Ruoyu Sun @ BT LR FCRID REAEFR

e ‘TH The Chinese University of Hong Kong, Shenzhen | School of Data Science



I Logistics: Midterm Exam

MAT 2041 Grade Distribution

106-point system: Original (F&MH):

Average: 54.85/100 Average: 49.3/@)
Medium: 55.56/100 Medium: 50/90
Max: 93.3/100 Max: 84/90

I]L jou hove diffieslty. talk % me or the TA.



I Today’s Lecture: Outline

Main topic: Linear transformation |l

1. View@as Linear Transformation

2. Linear Transformation on@al Linea@

=

3. Matrix Representation of General Linear Transformation

Strang’s book: Sec 8.1, 8.2



Today’s Lecture: Learning Goals

After the lecture, you should be able to

1. Tell the relation of linear transformation and matrix
2. Verify linear transformation and compute it for general linear spaces

3. Derive the matrix representation of general linear transformation
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I Rotate Photos

How to rotate photos on iPhone




I Motivating Question

Yes, | know you can do it on the phones.

How do the phones accomplish the job?

2N

| AT ARR w7 wrs

Question 1: Is it a lineartransformation?

.—/

Question 2: How do | derive/its expression?
~ == / -




ILinear Transformation in Euclidean Space: Two Definitions

Two equivalent definitions:

Definition 19.1 (Matrix form):

Suppose A € R"™" s a given real matrix.
f(X) = Ax is called a linear transformation from R” to R,

Definition 20.1 (alternative definition of LT):

if a mapping f from R" to R™ satisfies

flax + y) = af(x) + ff(y), Va,p € R,Vx,y € R",

Then we say fis a linear transformation from R” to R"™.




I Why Equivalent

Property 20.1 [Def 19.1 ==> Def 20.1]

Suppose f: R" - R"™ is defined as f(x) = AX, then

flax+ py) = af(x) + ff(y), Va,pe R, VX, y e R",

Theorem 20.1 [Def 20.1 ==> Def 19.1]

if a mapping f from R" to R™ satisfies
flax + py) = af(x) + pf(y), Va,p €R,Vx,y € R"

Then f(x) = AX for some matrix A .



_ ‘

Algorithm 20.1 ‘ AS t

Step 1:Pick the standard basis {e, :=-, €} of [R”

Step 2: Compute f(e,) € R™, Vi. flL bo;A
Step 3: Form a matrix A = [ f(e), f(e,), .. f(e N)e [Rmxn
Conclusion: For any X € R”, we have

(x) = ) x.f(e) . bxteMl

l

A is the matrix of the linear transformation f.

8
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Part| View Matrix as
Linear Transformation




Important New View of Matrix

Previously: Matrix is a representation of data. (e.g. image)

New Vie W —> W

Columns of the matrix <—> transformed basis vectors.

() cos 35° —sn35
l

1
0 s in35°  cos 35 //
m\ L/

07 03

>10 i; 0307




I Transformation —> Matrix ) = AX.

. ) Tl

— CL‘J 1+(?]*U “

7 I B
M= |5 ) o2
/Smy veckor X - @K )(10"""1 JVX?. w(‘“ 2.\

R=[p)oxdend w0 [00) e [

M @ tix A dcfw; ) (ﬁmar “Hrpusrfoy morba A><(YW
It mops Ff 2 hquﬁ\m




Matrix —> Transformation

Matrix —> a linear transformation.
Columns of the matrix —> transformed basis vectors.

Matrix A:

Linear transformation Ax:

EElsER

Input space: Output space:
“Squard tile) ( Parallelogram tile”

e




Determinant: Geometry Interpretation I

Matrix A:

Input space:
“Squarg tile”

Lec 18: Area of PARA([a,, a,])is det(A).

Linear transformation perspective:
det(A) = area of PARA([a;, a,]) R red d,@r(A/
7\

Output space:
“Parallelogram(tile”

= volume change ratio of linear transformation A —5 A oot ()
Volume change Hiel owee.
by det(A) times dor (D) '
fotl ores. —> t



I Determinant: Geometry Interpretation I

Volume change by Volume change by

" 1 det(B) times ALHB) det(A) times
1 T Jwy —
L= Multiply B Multiply A
) — BX —— A(ex)
‘VDlUMf Volume change by
| SR det(AB) times
__,1/ M(As
| 4_ I\/IultlpIyAB Wl“’" MAB>f
VO[Uwe ? — /) X -  ABX

Geometrical proof of 0(81"(/43) det (4) olet (B)



Matrix —> Transformation:/coordinate {4 {7)

Matrix —> adinear transformation.
Columns of the matrix —> transformed basis vectors.

matrix A times vector (-1,2) gives a point with
coordinate (-1,2) in the new system where basis is columns of A



Matrix —> Transformaﬁon@nt Colum

Matrix —> a linear transformation.

Dependent columns of the matrix (e
; | e
—> transformed “basis vectors” are degenerate ( ( ) // 7( ’/)
. A: (Ql"’ Rl
Matrix A: x A
The set {Ax: xeR")
= Colomn spocs of A

( —

LG R ] B
Linear transformation Ax:

Linearly dependent
I

| | columns
y | — R :
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I Exercise

Judgement: Suppose {e;, ..., €, }is a standard basis of R".
Suppose f(X) = AX, where A € R"™",
Then f(e,), f(e,), ..., f(e,) € R form a basis of R"*1.




I Example: Mapping to Higher-Dim Space

| B - . 2x) ’_’/9{21
Leom =] - )R R- 6@#@

—— 7

g - Tfe\)




Wror— Vr W)\A‘f Wl Lekrua( Go For 7

H\)w “©  unduriod [ineor fmnsfoymﬁm?
Mgf@ T( X ) 7% L) = 7(,T(e,>+>a e) ()

x

TA'S 0“]"""{\'0'\ %) hos O few 4'lnf7/fwul‘\'ms.

(l) Infcvrrofo«ﬁm: I{ ke fros T(e).1(e, then Yo Showbl frw (%, Vx.

(2) coordinate (I X.)—> coordinate (X.,%2)

“bosis’  (e.&) — (@), Tlew) [Remsk, Tle),Ties) Moy be depondent
T’\. Grol o c H\M -h(ej ore j)sr syamm'/j set
>  oppvalisi S8y, of {Tx: xeR”)

“Joss oLo-jc — /{ie c‘«w?z"
7—0750L( Geonetwosl mw‘»mﬂ»ﬁ‘m\)

, (%) Dne mowe pow//oz .
(% ) 0 T T(fz When T(x) = AX,
’ /// / : — ) we heve . T()Tie)
e, TM') ore Columns 9]C A .

Sl,uave tile fpro”l’OjY‘m tle



Part |l Linear Transtformation
between Two Linear Spaces




Linear Transformation for Any Linear Space

(Linear Transformation)

Let V and W be two linear spaces.
A mapping L : V — W is called a linear transformation if

L(av + pu) = aL(v) + pL(u), foralla, f € R,and v,u € V.

Vis the domain of the linear transformation

W is the codomain of the linear transformation

Remark: This is an extension of Def 20./ from
Euclidean spaces to any spaces.



I Linear Transformation for Any Linear Space

Definition 21.1 (Linear Transformation)

Let V and W be two linear spaces.
A mapping L : V — W is called a linear transformation if

L(av + pu) = aL(v) + pL(u), foralla, f € R,and v,u € V.

Remark:
Llv+w)=LW)+ L(w)

Have pw) = ol +PLW) = ) = alo)

foralla,f € R,v,w ¢ |/ e R y
orall a Vwe l/



I Simple Examples on Matrix Space

Eg: Suppose X € R™ " s a matrix variable.
Then f(X) = 2Xis a linear transformation from R™*" to R"™*".

() — af“m f>‘<|+r> —'/ﬁ: ey

2lox) = ot2X 2(XTT) = 2x+2
feoﬂ» drn—
g: Suppose R s fixed. X € R™" is a matrix variable.

Then f(X) = AXis a linear transformation from R to R¥".

fo({)( — o<JC (X) jLX+T) fr)wﬁr
A(% ) = g:f‘(AX) A(qu Akf/w

sg(w S‘ca«'o\r MWM J,ghlﬁﬁ#‘ whe



I Examples or Non-Examples on Matrix Space

Exercise: Is “inverse” a linear transformation? X \ LQ"’“‘ X_[‘ /Q”""‘

Suppose X € R is a matrix variable.

The&X‘l ,'_VE /\/Oﬁalmeartransformatlon
Reom L X NOT defad e ey s X

QQMM 2. (X-&T}P[ X_{—FT x@i” y

Exercise: Is ‘ a linear transformation?

S X7 - : : Ny M
Suppose X € R is a matrix variable. [R"'x" — *
Then f(X) = XT 4f§ a linear transformation.

o= (x+7) 'z X+ = = {05 f17)
foox) = (X X)T= X o = X = g

scoler



I Examples on@mial Space

T(ax® + bx* + cx + d) =

e
=

Is this L a linear transformation?

For 0‘2 O‘Gﬁ% ']L\/QGP}/

3 ¢
A - cxl
S‘urro{& ’f(X): (\%at X", 300 % L» A,

Then (f*j)()() =l2i_; (ﬁc-f-l»;) Xt — ’7°\J-°0‘0‘*H'*
+b3 3 0: 0\ .1k ba -
L) = [0 Ei]mﬂjb, ‘= Ly

Lisfy P2 T)m e T2 9T

"

SColor times ?alg scolor times moty.x




Is Differentiatiorva Linear Transformation?
d —(L| — [/
Eg: Is T(u) = il is a linear transformation? [ <T) = ]C

dx

u
Reminder of notation: e.g. If u(x) = x>, then . = 2x.
X

Check: ) N

Tloxw)z o [  T(utv) = [+ 7T(W?7
©~M)/: o<~(,4'. <M+U>/;:u/—e f)/fp
r f«? ( (S/M(—F ZY)/
T(f) - f . ::(g,‘n A/>/_f Qx)/

k&
!



I Domain Shall be Linear Space

u
Eg:Is T(u) = d_ is a linear transformation?
X

Definition 20.1 (Linear Transformation)

oLet V and W be two linear spaces.o
A mapping L : V —> W is called a linear transformation i

Notice: T is not defined for all functions.

Need to specify a linear space s.t. T is defined!



I Function Space

Continuous function space C(IR): The set of continuous functions
form a linear space. (etiw'f/uo' With fwoh‘m oddl: v ond " scolor- fanctiom fmo(uo{")

&E’J{‘. DeNnhim o-(' two °/"’*°’{‘\"V"l
M}(x) - vole ot X :f()q*a()() / /

E"(—\‘)(X\\ W(N S D{‘f()‘) \/\\/ /
/Vuﬂl ‘b $)’\0W~. —(7\231 "’WVO"H'P\M Fah‘sfp

@ oxiowmx of Definihim of [heor Spoce . [skpped here]

<Continuously diﬁerenﬁablew C(R): a linear space.
S 51- ]“w»al»bas whoce denvetne exists ond €s continuous )Cmcﬁm_

— (]‘: R4R

Does Having the sharp curve

f0 3 omd (2 13

B contbbnuovs fw\o{\‘m). //\\ /\

Need to verify the axioms. j\’(x\ ﬁ
Skip details here. .




I Differentiation is Linear Transformation

d
Claim: T(u) = & defined on C'(R) is a mapping from C'(R) to C(R).

dx
It is a linear transformation. T C(R=> k)
&2‘ Sketd-. () ln(wt s)wa C'(R), cNi'})M 9}70«& e poth foq._, ﬁ
dx

[ heor oS <

® T s well-defined om C'(R) @T(“f+(’j):d7{f)+($'(‘(2)/

du VepeR, 53 €CR). ~
Claim: T(u) = E defined on /75 is a mapping from {’3 to P,.

It is a linear transformation. (91‘"[’ me] - 7D _,};
: : ‘

0 X7 b3 +0x+ 4 d

‘ff"‘""
i O bceexed 2 3axd+2bxec.

20x" 26X €< _



Part | atrix Representati
nsformation for

(> .




Euclidean Space General Space

Definition 19.1 (matrix form):
%?s
Suppose A € R is a given real

matrix.

@called a linear
transformation from R" to R .

Definition 20.1 (alternative definition of LT):

Definition 21.2 (Linear Transformation)

If a mapping f from R" to R" satisfies Let Vand W be two linear spaces.
A mapping L : V — W is called a linear

M Py = af 0+ Y. f € R Vxy €R"
+—4 — _ _ . - transformation if
Then we say fis a linear transformation from R" to R™. L(av + Bu) = aL(v) + BL(u), for all @, f € R, and

\/7 vwuev..

oxtend




I Matrix Representation of Differentiation

fined on /5 is a I@ansf@ from 5 to P, .
— J—A\

Algorithm 20.1

Step 1: Pick the standard basis {e, ..., e, } of R".

Step 2: Compute f(e;) € R",Vi.

But how to for

Step 3: Form A =([f(e,), f(e,), ..., f(e )] € R"™"
if no vectors/?

Conclusion: For any x € R”, we have

Jx) = Zx,-f(ei) = AX.

b x| T, T,
{7

— g oy

2, 0. b Ly Ti/ 0, 2X, BX]




I Recall: Vector Representation of Linear Space

Proposition (Unigue Representation ! @

Let % = {v,,...,V,} be abasis of a linear space X . EO(]C *”9

Any element x € X can be uniquely represented as a linear combmatlon of
ViV, 1.

R

bows {1, X X5 X

3
) v—/“’_\} Z‘a_W
T(X) = Op 0 X+0%x 6% = [, X, %" x*) t:,
= - = 2 | e,
b l[)wd"”“? ¢y
r_a‘v\ {b
o | |
\_\é/_?,‘;,q ég




I Matrix Representation

X - Y

V| —  T(vy)

_‘;2__ > T(Vz)

x = [vy, 1] = y= 1) =




I Matrix Representation

> . I U
’ YoM benof T Uy
dyg —y
Vi = Vl):[ul,%,%] ary| = (AU, %) @
_a31_
ay —
"2 = T(vp) [ b, W) 322 = [Uoba, ty) 6, -
previows view; Gpowe Y set V) — | Trw, T2
L but fT Vn)T(v,]}u /VO 6 motNx |,
I T
X =1Vq, 2] X, —> y= T(x)=|T<V|! Tsv )l X
L o Qw(fron 7_(‘4 ‘3 bess (u. U, u,,) —X e
Old "05‘\) )
[ @,,uz, U;)a. , (M2, U3) a, -
syl t o Get mrn)c )
X ] X
= Uyl ty) [ &% [xi]
[ \

Y\ZW L0-S|$ .



Pelotiom & Port L

L"ﬁ Pojf\ - | Fwti.
/‘\’Yw, l»‘neav S‘,?&(ﬂ.f—, | D,qd,‘o(zg,, %;aws.’
T | 2
X — Y =R
dml(X)JZ ; d.t(r); 2 | X:IRZ \(: IE;
/

Bo‘()‘r; 3 { Vi, Vz.s \ {unuzzuﬂ ‘2., (27 { """b"ij
x — Y x —
x= twu ) X (e, e [ ] =[]

- _7—‘ XI -

— Yz L] [\K,",o, ][x,] = Y= [t 4 ) [ Tl 1) [;‘:]
T

= [ TeaTeN (¥ )

LGSSOA o-LOM rz(a-ﬁ‘()w OJ" (od I)Aje & Pw( l_.
Ip we pick (w0, (b, 0) o5 stondord boss of R'ER’, tlen e get the derverh of Pt 1,
Fov 9en:rol Y% spoos. we hove extre [V, 4], T u,v., ], 1o relote )(;‘/ b Evclides 5pee.-



I Expression for General Linear Space

Computing T(u):
u=0cv +cvs+ -+ c,v, must transform to
T('U.) = C1T(’U1) -+ CQT('UQ) = KRR 5 (LnT(:'U.n )

Suppose you know 7'(v) for all vectors vy, ..., v, in a basis

Then you know T'(u) for every vector w in the space.

Matrix representation of T:

T(v)) is a combination a;w; + ... + a;,w, of the output basis for W.

The matrix (a; is the matrix representation of T.

z])an

Key rule: The jth column of A is found by applying 7 to the jth basis vector v;



I Matrix Representation of T: Algorithm

Algorithm 21.1 (for general linear space)

Step 1: Pick a basis {v{, ..., vV, } of input space V.
Step 2: Compute f(v,) € W, Vi.

Step 3: Find vectors.
Step 3.1: Pick a basis {u, ..., u,} of output space W.

m _Cll-l_
Step 3.2: Express f(Vv,) = Z a;u;=[uy,....u,] |-
. a.
]=1 i lm_
Step 4: Form A = [a,,...,a ] € R™ Demde: Ont A D Confufu‘,
c V 'f+ Con L‘ Luﬁ-d o)
Step 5: Compute y = f(x), 'fw G*d xev. 00,7,,4, oo ,f,wﬂa X

§+¢p 5l Dcfrasf X os Y= {.‘xm.

Sfejl)fl C’ﬂ\l')tﬂ(‘& (:;) A[;) +¢PS} CoM})mV y gy U. .




[ B lom Ctep § )
I Diagram: View L.T. as Operating on Coordinates

lf Wo know metix A how % MW fooj

g&ﬂ‘?‘. {VU*’ IVV\‘ X > Y gﬁ?’q’ 56“‘/“"/~“’ Um} ’
07\9)%0’ L m
Cooa & xzzxivi Y= Zy&
lﬂ;‘:tdf;::' /\&W‘M’rﬂbﬁwmrdmh’

Coordinate of y = T(x)

Coordinate of x “"“”’]"3 A
(y19 . ayn) = A /X

[ (X(s.e0nX,) —

Efﬁo(«‘a(ew slaw; )




/V\M‘w‘y )?!_FYK sen Torfy om u]ﬂ pfﬁﬂﬂw‘ﬁw

Problem.l. Consider Tiw= 4L I/ P.—P

Emol the pratrix 0f T under e basd crf t’kFui s"?am {l, X, xlﬁ
ond te losa o]‘ the mf«ffuf spoce {6oxy

[Method 1. (htwtve woﬂ) _
T oxX*+bx £C —> 2ex~+b
Under the tro boses, the coovolinatey ore .
w=[Cho) — Z=Th20 JT =4

NI
e A=(203]




Method 2 (Use Alawﬂ.« 21.1)
We Ot the MfmwﬂnM of T, T(%)
urder the  boos of Pr. {6 %)
Y=, Tw=0= Ci, x) (%} Undor bos> of P, corrdmere [g]

/7

=X, T =3 = THox ][], wderbo of P comdote Lo

Vy :)(‘, T(V;):ZX = C\, X] [3 ]  Undor bos> af P, coordnete (g]
Combine throe vectmm, ger momx

Ao 2.




How + Use " Motox" Fom ?

l7v19u¢w\ 2. Oorhruﬂ Tz %L)'? —fwoua Uep.

Methad L (clossical MZ>

o~ iy OXtbXtC €Pn,

«fww\ olcalus yule, Tloxhx+c) z20x+ .
Method 2. ( motx form)

For N«a foo = othx+cxt € bz, )
Under fosh {0 X x'{, (8 Coordinae w AXIP

Conpete A [2]=[543)(F)= ().
Thes gwpet TUf) = [(LxI[%) = bteex. [J
Remip, Method 2 5 more Oomr/\‘cofu{ thew Mothed 1,
thas Aot hecess 0‘6 ﬁr thig Gfec«‘fk QXO"T‘.P.
I¢ serves o5 on  qllustrion af Plgorihe 21,1, ord /\z(fyw
Understond bettr whot 3 iﬂ,erenf-/wl»“an O X' fnn o d\'ﬁ-cmﬂ Ouﬁ'l\




Matrix Representation of Differentiation

u
I(u) = — defined on P, is a linear transformation from F5 to P, .

dx
Is T related to a matrix?

Pswer .

uhdﬂr ‘f’/~0 Lﬂ.Sul O’f l'kl?u't y"mm {‘, X, XIS
ond the bosn °f the M(uf s[wc,e " xS}

0

Ar— [ 8 1 (2) } — matrix form of the derivative 7' = i

010

Input u Multiplication Au = [0 0 9

a+ bx + cx?

|

a

1

. -

dzx
b du
2c] Output e b+ 2cz.






I Summary Today (Write Your Own)

One sentence summary.

Detailed summary:



Summary Today (Write Your Own)

One sentence summary.

We learned general tinear transformation’and how

to “express” it.

Detailed summary: (hﬂ'ﬁ
Linear transformation view-of-matrix.

| of a matrix
Linear WW

—Define by superposition property.
—Differentiation is a linear transformation.

—Matrix representation of general linear transformation:
Step 1: Find the transformed input basis elements;
Step 2: Find their vector representations under output basis;
Step 3: Combine these vectors to get a matrix.



