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I Today’s Lecture: Outline

Main topic: Spectral Theorem

1. Eigenbasis

2. Spectral Theorem



Today’s Lecture: Learning Goals

After the lecture, you should be able to

1. Provide an example where eigenvectors do not form a basis

2. Describe the spectral decomposition and related properties

3. Explain the main proof steps of spectral decomposition
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I Eigenvalues and Eigenvectors

Definition 21.1 (Eigenvalues and Eigenvectors)

et A € C'™" be a square matrix.

f there exists a scalar A ( € R or C) and a nonzero vector x such that
Ax = Ax,

then A is called a (real or complex) eigenvalue and x is called an

eigenvector with respect to (or associated with; corresponding to) A.

C:= set of complex numbers
A A
AAX

X 1s not an eigenvector X 1S an eigenvector



I General Procedure to Find Eigenvalues/Eigenvectors

Step 1: Solve det(A — AI) = 0 and getnroots A, ..., 4,
Solving single-var polynomial. D(,_g n

Step 2: For each 4, find the eigenspace Null(4./ — A)
Solving up to n linear systems. A Yo = A Yo

Any_nonzero vector in Null(4,/ — A) is Jan eigenvector

——

corresponding to 4,
<

eigenvectors of A with C\)
AT —A) 0
@ { respect to the eigenvalue /1} U 10}

—




Eigenvalues and Eigenvectors  plpt (AL-A)

Characteristic polynomial p,(4) = det(A — Al) is a degree-n
polynomial with coefficient of A" being (—1)".

Fact:

Any n X n (no matter real or complex) matrix A has exactly n

complex eigenvalues (counting multiplicity).

Here, multiplicity of /1]- is the power k of the term (4 — /Ij) in the

decomposition of the characteristic polynomial p,(4) = (— 1)”1—[;.”‘:1(/1 — /lj)kf.

BXthXtC = O(X~X)( X-X.)
X)_; Y o Q(X\X&l



Part 1 Eigenbasis




Multiset [ZE &) @ L> ) 2)

Multolset.A a modlﬁcahon of the concept ofia set that, unlike a set, allows for
multiple instances for each of it.

Can use #{a, a,, ...} to denote a multiset; though some ppl just use {a,, a,, ...}

£ {114

Multiplicity: If an element appear@tlmes in the multiset, then the multiplicity of the elemthlnthe multiset is k .

Z — E—
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Multiset [Z B ££]

Multiset A multiset is a modification of the concept of a set that, unlike a set, allows for
multiple instances for each of it.
Can use #{a, a,, ...} to denote a multiset; though some ppl just use {a,, a,, ...}

Multiplicity: If an element appears k times in the multiset, then the multiplicity of the element in the multiset is k .

I'n the multiset\#{a, a, b}) the element a has muItipIicit@ and b has multiplicity 1.
————— e —~

In the multiset #{a, a, a, b, b, b}, a and b both have multiplicity 3.

The set {a, b} contains only elements « and b.
Each having multiplicity 1 when {a, b} is seen as a multiset #{a, a, a, b, b, b}.

Order does not matter: #{a, a, b} and #{a, b, a} denote the same multiset.
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I Linear Spac? over Complex Domain

Recall: §Ce r”d“&
Definition of Linear space over [R. o, otCfP VE V

A linear space over defined in a similar}way:
just change € Rto € C

- Calo Fwdaof

x-V, xe, fuel/
For @we state the full definition in the next slide.




@ Def: Linear Space over Complex Domain

Definition 23.3 (Linear space over ()
Suppose V is a set associated with two operations:

(i) Addition “+”u+veV.VueV,veV.
(i) Scalar multiplication:au € V, Va e C,u e V.
V is called a linear space over C if the 8 axiom axioms hold:
(Al ) u+v=v+uVu veV.
(A2)u+(v+w)=(u+v)+w=u+v+wVu v, w €V,

(A3) There exists a element 0 s.t. u+0=u,Vue V. ﬁ? '

(A4) If u € V, then there exists —u = (—1)u, s.t. u+ (—u) = 0. A
(A5) a(u+v)=au+av,YagC, u, ve V. </ ')/> 1,44_“
(A6) (o +B)u=au+pu,Va, BEC, uecV. ?A

(A7) a(Bu) = (af)u,YV a, BEC, ueV. [ %/
(A8) 1u = u.




I Space C

@Iex numbe? written ashergi =4/ —1

Complex conjugate of x xFIHEEE ] is 7= 0 — b’t

Modulus of 2[2#9%]is |z = [o74)?  [usinga, b]
| = Zi [using z, Z]

A complex number x = a + bi, wherei =+/—1
(s o veo! nober



I Space C
A few statements about the complex vector space

ter. e, eg} is still a basis of <C3

E] and _1 arellnearlydﬁg’?ﬁl‘dlfff
1 - T4V - ’L’]
['L ) ( A

\J /
>|_];Z=(‘ﬁ2 ,Zn)EC”,thenJZ z=\/|z1|2+ +|Zn|2
37 ) TZ-,q S 573 1 g?
272 = (2o~ w)]) [ 2 23+t 20 = (2 vl
‘r%‘\\j
Corollary: z=0 iff =O J—Mﬁ?“’ 2




@fa Dichre  Pbout Efﬁuva(w & Bgﬂmvedors

() e)wH() n Dvmrtzx uyn volues
L lu cL%) |

@( /“/ﬁ[/v VV‘DMJ &\9&" V@(tors ’) o0 — Ma.ha; not 'Mmsé'la'
@ How MM& t’hﬁ(l—fﬂl‘dﬂmf ﬂ’féﬂ%‘/ﬂbfw;’?

(Mt Mot YL; );lfl SIS al.MJ, no




I How Many Linearly Independent Eigenvectors?

Judgement:

Statement 1: An@ X n matb’x always has@nearly independent

eigenvectors.
e







I Example 1: Do Eigenvectors Form a Basis?

Example A — >

Two eigenvalues 4, =4 and 4, = 3

(1). For 4; = 4,

For any 10 X =1 IS an eigenvectorwith respect to )\434[’

(2). For A, = 3,

For any 120 x=1¢ is an eigenvectorwith respect to )\235

- . ) "/
2] 1 ()QLS}M i
Do and form a basis of [R4?

1 L
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I Example 2: Do Eigenvectors Form a Basis?

Example 0 1
-1 0

Two eigenvalues 4, =iand 4, = — i
< ——— — >

(1). For 4, =i,

For any ﬁo, X =1 [

1] is an eigenvector with respect to /\( ~|

l

(2). For A, = —1,

For any t#0 x =t [ 1:] is an eigenvector with respect to ﬁz:‘%’
—1

Do [1] and [_1] form a basis of C2? \(Q&

l l




I How Many Linearly Independent Eigenvectors?

udgement:

Statement 1: An n X n matrix always has n linearly independent
\genvectors:

You may ask: real or complex?

Judgement:
Statement 2: An n X n real matrix always has 7 linearly independent

real eigenvectors. Fp,(m ( 178 ex,,i(‘ 2, W y@( z.‘ﬁ%veofw

Judgement: '(" Gome motrx )

Statement 3: An n X n real matrix always has 7 linearly independent
eigenvectors (note: including real eigenvectors).

L¢ 3, V\LXT ij@)

—~—f




I Example 3: Do Eigenvectors Form a Basis?

Example 1 1
_O 1_
Eigenvalues are dﬁ(,\l— A) = 0 )\ ‘} = 0‘

0 J) [

Eigenvectors are A =\ _ oy ]

( 0 A- >(X1) ’K 0 O)(Q/O@ X, =0
/Va»“ AL-() = ﬁ(f) (“éd:)

CWthat form a basis of R?? (@1)

& CD/\IW“’ f})mn ({21 (o d:m)

M (D‘D‘VDV\UUX Ylbdﬂ»ﬁ) 77\3 @@Mf’l 43 V@(Ofd 759 ((Im(ou ]Cwmw
Lnterested gtudents ey coovch it; we dv WOT tosdh it




Eigenbasis may NOT exist

\

Fact: The (complex) eigenvectors ¢ gdo NOT form a basis.

= = — I
: = | g 2 >

Figenvectors

with eigenvalue |
J& T HFAE(E 1 B4 AE 7] B

Eigenspace dimension dim(N(4,/ — A)) =1.
Multiplicity is 2.



I Do Eigenvectors Form a Basis?

Aset of eigenvectors that can form g basis of whole space:
\ p—— ¥/_
n
(Bg").
Fact%

For@ X n matrices, @nbam

L/@ can find at most- (Y\f\) independent eigenvectors of A.

Fov come Nxh motns, &jenvwhm con spon [
(Con fovm o bosis f c')



Part |l Spectral
Decomposition




[L@W\IV‘&.Z}.! Lf A’V(-‘/')\( Vi, “",/L\l/y:)\,‘\/h’

whee Ael™, (v) e ") Ne c,j:mn,
H\M A V= VD, Wh 2re V: [ Vi, > W) € cﬂxn, D :d% (X M),
M AV =ALv,~ W)

o [A Vi, AVI\)
= (v, v

P )

=VD. 0D
Lewme 232, If pv=UD. wheve \[=[,-5va) €C™, = 094 (A= ),
ther AV =X Vi, Ja o,
f’“"*f . Reverse the oLo.h 7‘ equoliﬁes h (b)),

4




I Orthonormal Eigenbasis

r r{))),‘//a a,f A
Claim 23.1 [orthonormal eigenbasis ==> symmetric matrix]
<

Eigenvectors of a real matrix A can form an orthonormal basis o-,‘ @ _

<==>A = VDV where D is a real diagonal matrix, V is a real orthogonal matrix.
M ”::>“ gurfou e,‘ﬁanu@cn‘av YV, - Van ]an o Ovthenonmel Fob'wrﬁ",

then |/ = (V> Va) s WO’W*""‘O( Motnx A

§uﬂ)ou A v; :)\}fl/) whera )\/’EC; then /\j ER (she A viep)

"g}] Lemme 23.1, e hova— AV=VD, wher D:dfna (Ade)

Thea A =VDV' =VDV"

=" Sgpse V=00 D= A25(hy=An), Thea {Yj)'s form 02 o thononvol l"”-y

133 Lemmo 23.2, we hove A"ji)‘jvj' AL Thes {\9)‘8 Gre e;‘j@\vadm,

Corollary: If a real matrix A has an orthonormal eigenbasis, ) nyil«vwm A on "bm

then A is a symmetric matrix. an (NtLDMI‘N‘ ey, l:l
What about the other direction?

-
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I Spectral Theorem

Theorem 23.1 [Spectral Theorem] g
Any real symmetric matrix A can be written as V" (V‘ ’V") V) S w
A= VDVT (*) (D D‘Dj (/\ '))n ) s or@ aj%

where D is a real diagonal matrix, V'is a real orthogonal matrix.

Vector form [practice]:

X\ 0 VtT,‘
A=vVDVT = [V,)~ j\/,,) [0 \)n‘] [ , |[column & row form]

VT
=[Av. Av””}

L~

T [outer product]
") T . (**)

)\Vl"( <+ ~FIaWy' - Z)‘ (VU'

“ 1'

@a @Elgenvaw (EV/D) or elgendecomposmon of A.
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I Properties of Real Symmetric Matrices

Real Symmetric Matrices EGeneraI Matriées:

Property 1: All eigenvalues are real. Eigenvalues can be %‘1\@%

\

Property 2: All eigenvectors are real. Eigenvectors can be 0‘"7/‘%
({hovo Vt\ﬁowud‘r Con be reol)

Property 3: Eigenvectors can form Eigenvectors Y'N’-a M
|
an orthonormal basis of R”. basis of @‘" .
(o C") ’

A can be written as

’ N

Together: A can be written as

/\: UD\/RT: ]%A)(V)V)T




I Geometry View

Previows [evtwres , fis,
@0‘)\9 «2(,9\’ T_/i&/—v %
= /\'Q)

‘Qf
Q)WFL a1 Hiles (;L»j&

He/o\, 5” QI\jW\*k Ae R
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b o5) 6“’" ] 7 A

L = (v, v (%x,, A



I Proof of Spectral Theorem 2
Th@f spectral theorem is skipped here

(It requires a bit trick and induction)

>\j/‘6>‘l‘/ Vj¢ks

Next, we only prove the case fordisti@genva@

g
- only prove the case for distinct eigenvalues.

only prove the case for distinct eigenvalues.



I Proof of EVD for Distinct Eigenvalues (lI): Real Eigenvalues

Assumption 23.1:% e R §nd é =A'T )
(Prop '

operty 23.1;°Under Assump. 23.1; all rigenvalues)are real.
operty p. 23.1,all figenvaluesyare real.

Analysis:
What we know: 17'0(1) with 1t LD WM\NJ(a\t;) ¢th,

Su ose Want to prove: 1 € R.
T —

where 4 € C, V e C™N\{0}].

AA)\/A—‘V/\ /\ @




I Proof of EVD for Distinct Eigenvalues (1): Real Eigenvalues

Assumption 23.1: A € R™andA =A". li'i‘ UT]} > {ﬁ v =0 _
Proof of Property 23.1: R E R A, @
Suppose Av = Av, where 4 ve C™. Wanttoprove: 1 € R.
Use two ways to compute VTAV '%“ 74\

- oTAv — a3 17
Firstway: V' Av= ()
Tt Way. ¥ AY

Second way: V' Av = ( K




I Proof of EVD for Distinct Eigenvalues (I): Real Eigenvectors

Assumption 23.1 (1st part): A € R™".

Property 23.2: For anyglgenvaluelofA,_there exists a@
igenvector with respect to this eigenvalue. v

—7

Proof of Property 23.2:
Suppose AV = @r, where 4 € R, v € C”Xl\{!;}.

Sppr VT XY
w)y(re K,y S ! ome of X%@

AX*Yv )= Xx+yd)




Proof of EVD for Distinct Eigenvalues (ll1):Orthogonality

Assumption 23.1: A € R™ andA =A".

Property 23.3: Under Assumption 23.1, real eigenvectors
corresponding to different eigenvalues are orthogonal.



I Proof of EVD for Distinct Eigenvalues (ll1):Orthogonality

Assumption 23.1: A € R™" and A ;

?rvpzrb] %5 Under Assumption 23.1, eigenvectors corresponding to
different elgenvalues are orthogonal ent 7 XiOa =0

Proof: Suppos /11 * 5. Checkx TAx, . i
Z/@W\ |

2,%’/:\_753

7\ — VT —
R 7 S T XK=0,
=P |
(Xt(AO\(‘
W =

/\)_ XX,



EVD for Distinct Eigenvalues

Assumption 23.1: A € R™andA = A" .
Assumption 23.2: all eigenvalues of A € R™" are distinct.

Proof of Thm 23.1 under Assumption 23.2: (Combining Property 23.1,23.2, 23.3)

All n eigenvalues
GCLERPERIE B /. .../ of Aare real

- w30 _} eigenvectors w.r.t.
roper .
perty /11,...,/1,1 can be real \ . By Claim 23.1 A=VD T
can pick orthonormal set = VDV’ where

ASUUBEEUPERE S and orthogonal —7 B eigenvectors vy, ..., v, q V'is an orthogonal matrix,

+ Property 23.3 D is diagonal matrix.

Recall: an orthonormal set : :
can pick orthonormal basis

consisting of eigenvectors

Vis oo Vg

with size 7 is an orthonormal
basis of R".

So far, we have proved Thm 23.1 for distinct eigenvalues.
The proof for general case “any real symmetric matrix A can be written as
A = VDV "“is SKIPPED.



I Summary Today (Write Your Own)

One sentence summary.

Detailed summary:



Summary Today (Instructor)

One sentence summary:
We learned eigenbasis and spectral decomposition.

Detailed summary:

i) For some matrices, there are n eigenvectors that form a basis,
called eigenbasis.

Fact: Eigenbasis may or may NOT exist, for a given matrix.

\

ii) Eigenvalue decomposition (4511E{E 70 %), or spectral decomposition.

A real symmetric matrix A can be written as
n
A=VDV' = z' Avy!
JJ]
j=1

where



