
Lecture 03

Systems of Linear Equations I: Forms and Elimination

Instructor: Rouyu Sun 



Recall

In the last lectures …

• Defini2on of norm and dot (inner product)

• Calcula2on of vector norms and inner products

• Real-world examples



Today … System of Linear Equa+ons!

ADer this lecture, you should be able to 

1. Write the 4 forms of systems of linear equa+ons

Today

2. Write the various forms of matrix-vector product

2. Solve a linear system by Gaussian elimina+on

∞

→



https://www.math.toronto.edu/preparing-for-calculus/
3_logic/we_2_if_then.html

Difficulties in Linear Algebra, partially due to… 
     lack of training of proving. 
—or simply, lack of LOGIC.

Reading Material: Logic and Proof

Material to check:

logic is about telinga completestoory



Part I  System of 
Linear Equations



Problem (Chicken-Rabit Problem 鸡兔同笼)

Linear System of Equations: 
Preliminary School Example

There are 35 heads and 94 feet in a cage.  
How many chickens and how many rabbits are there?   

Assumption: Each chicken has 1 head and 2 feet, and each rabbit 
has 1 head and 4 feet.

⇌ ⼀

⼀
⼀

=x+ Y 35 ⼆元⼀次⽅程组

two- varible1
=2x+ 4Y 94 order - 2 equationnsystemof



Definition (Linear Equations)

A linear equa+on with n unknowns is the equa2on of the form

a1x1 + a2x2 + ⋯ + anxn = b

where                             are real numbers and                        are variablesa1, a2, …, an, b x1, x2, …, xn

Linear Equations

⼀

or ☆ . * = b

a = [ a , … ,
Cn ]

,

x = [x
,

-

, k )

coefficient variable



Exercise (Linear Equations)

Are the following linear equa2ons?

1. −x1 + 4x4 = 2x2 + 3x3 are variablesx1, x2, x3, x4

Exercise

yes



Are the following linear equa2ons?

1. 

2. 

−x1 + 4x4 = 2x2 + 3x3 are variablesx1, x2, x3, x4

−x1x4 = 2x2 + 3x3 are variablesx1, x2, x3, x4

Exercise

Exercise (Linear Equations)

W

xiX4 = 2xc
- →

whereX 2, X

4arevoriables

Then it 's a meorequction .



Are the following linear equa2ons?

a1x1 + a2x2 = b

1. 

2. 

−x1 + 4x4 = 2x2 + 3x3 are variables

are variables

x1, x2, x3, x4

3. x1, x2, a1, a2, b

−x1x4 = 2x2 + 3x3 are variablesx1, x2, x3, x4

Exercise

Exercise (Linear Equations)

⑩



Definition (System of Linear Equations)

An               system of linear equa+ons is a collec%on of       linear 

equa2ons with     variablesn
m × n

where all                      are real numbers and                        are variablesaij x1, x2, …, xn

m

a11x1 + a12x2 + ⋯ + a1nxn = b1

a21x1 + a22x2 + ⋯ + a2nxn = b2

am1x1 + am2x2 + ⋯ + amnxn = bm

⋯

biand

(A system of linear equa2ons is also called a linear system)

System of Linear Equations
Xty = 55 1 ×2-

xty=
-
←

-22

} 2x+4y = 2

→

⇌⇌
←



Is the following a linear system?

−a11 + 4a12 = 2a13 + 3a14
are variablesa11, a12, a13, a14

5a11 + 3a12 = a13 + 3a14

Exercise

Exercise (Linear Equations)

i
≈ ≈

→
⼀



Is the following a linear system?

−a11 + 4a12 = 2a13 + 3a14
are variablesa11, a12, a13, a14

5a11 + 3a12 = a13 + 3a14

It is cri2cal to know what are the variables (unknowns)!

(such as the weight vectors in our movie preference example)

Exercise

Exercise (Linear Equations)

—
— →



You learned these in middle school (or even primary school).

What more can we study? What will be new?

1. Yes, you can solve system of equa2ons in 2 variables. 
      What about 5 variables? 
       What about 100 variables? 
     

2. Applica2ons. 
     Where are the applica2ons in real-world? Buying fruit? 

What is New in this Course?

What is a general method to solve an any-variable system?
for computers

⼀

→neory
:Doesyourmetheddwayswork ?

on you pove rt ? etc
.



Part II  Matrix-Vector 
Product & Four Forms of 

Linear Systems

Textbook Sec. 1.3 (only first half) and Sec. 2.1

⼀



8.5
6.5
4.9

(10 8 5)
(8 5 10)
(5 4 6)

⋅ (w1 w2 w3) =

dot product

Unknowns

Row-Vector Form of System

Rewrite as 3 equations:

r
][ 0 , 85 ] = 8 .5

10 x ,
+ 8 xz + 5X 3 = 8 - 5 ! [ 10 , 8 ,

5] . [x, x 0, X 3 ] =
8.

5

「D
⼀

Scolar
(F 1)

8 X .
+ 52 + 1 -X) = 6 . 5 [ 8 ,

5
, 10] .

[X ,X2 ,
X
3 ] = 6 .5

(F2 )

form 1 5 X ,
+ 4X = + 6 xs = 4 .

9 i [ 5 , 4
,
6 ) . [ - — J = 4 .9

→⼆



Another way of writing the equations: 

Column-vector form

5.0
8.8
4.3

w1

10
8
5

w2 [
8
5
4] w3

5
10
6

Equivalently

=+ +

Column-Vector Form

10 x ,
+ 8 ×2 + 5X 3 = 8 . 5

scoler
8 X .

+ 5X2 + 10X3
= 6 . 5 (F 11

usigU , v

2
, vs

.程
1 5 X ,

t 4X = + 6 xs ≈ 4 .
9

v =
[ 浮 ]

,

v =脑 ]
,

以啊]

原]+ 糖)+间 = 癌 )—
”

——… …



Row - form : Simplify by prodact

Motivotion:Make ( F 1 )
,

( F2 )
,
( F 3 ) s , mple .

used turle

row- vec

l
x+

4
= 36焱 ⼀ l [ x, x ]τ, 1 ) 。 = 14↓

[ 2 ,
4) . [ x

,

X
2 ) = 36
⼀

motwa
⇌

Make rt smple ,

defhe it a , A .x
.

[A :=∵4 ] ,

x= [ 炎 ]
,

b =。]
。

Defe Ax = C "

[
" [ * ,)

). [ x"x) ] .[
then thesystembecoms Ax = b

,



IntroducingMatrix - Nector product

Pefhe A = [ i
谁

] , b 谈)
x
=

说)←Hain:Moke ( F 1 ) ,
(

F 2) ,
(

F 3 ) simple .

个
X

. + X2 = 16
→ Ax = b
ω a⽐

2 X
, + 4X

2
= 94 need G defu Ax =[别

。

( 1 ,[ 1 ] . [ x, xn ) = 16 want
Ax = b

,

→

F 1 [ 2 ,

4] - [ x , x ] = 94 need o defe Ax = [ [ I , 1 ] . lk
,
则

[ [ , 4 ] -[ ,a "
]

F () [ i ] x , + [ i ] a = [呢 ] →
want

Ax = b

Ax =[]区needadefine
C ] → FC ) , lI →FIopogesRema

⇒FL) G F )0NoT straightforwardthythisholds !
⼀

Introduce motnt so this relcion s eesier to memome .



Three Definitions of Motnx,NectorProdut

Ignore equctions ,

Summorilethe lstpoge .

A = [ii ]
,

x = [ 谈 ]
.

Ax =Def上 [黝
Def2 Ax = [

[ , 1 ] [ x ,)τ2

, 4
)。 [ x,w )]

Def2 Ax = [ i ] x ,
+ [4 ) xa

laThreedefmithsareequirdent.
teasy tocheck : F( ) → CF :

FL ) → (FJ3 )

Nextswethesedefhitosto generdmatrix ,vectotend



Matrix Definition

An               matrix      is a rectangular array of numbers withm × n

Definition 4.1 (Matrix)

m

n

rows

and columns in the following form:

A

where all       are scalars.aij

A =

a11 a12 ⋯ a1n
a21 a22 ⋯ a2n
⋮ ⋮ ⋱ ⋮

am1 am2 ⋯ amn

=: (aij)m×n ∈ ℝm×n .

Def 4.2 (Dimension):  
    For an  matrix, the dimension of A is   (reads “m by n”). 
    For an  vector, the dimension of the vector is m, or  .

m × n m × n
m × 1 m × 1

wrong :
dim is mn

;
e .g -

dm is 200
.

correct : dmisiox0



Matrix

or

「 品 ] [和

Non -exapTcollethh of mmber may NUT be metrx ]

∴Δ ………
dock

Yang - HuiTriangle
「



Matrix Conventions (Directly Copied from Lecture 4)

• For a matrix     ,       is called the          -th entry (element) of    

is called a square matrix; a rectangular matrix o.w.

all entries are zeros

A aij (i, j) A

• Matrices are denoted by A, B, C, …

• When m = n, A

• When A is called a zero matrix

(similar to zero vector)

• When m = 1, is a row vectorA

• When n = 1, is a column vectorA

• When m = n = 1, A can be considered as a scalar

⼀

τ] 6

⼀

⽅阵
→

[000000 ]

→
τ. … 37

⻔
⼀

[ 1 .57 ]。

In moth , iximx. ,Inoding, oT.⼀



Relation of Matix, Vector & scaler

Motnx :
man rectongulor

Vector :
mxl or 1 Xn motrix

Scalor : 1 x 1 matriX

cloris a specidvectos

A rector is a specid matrix



Matrix Conventions

• Column of a matrix

• Row of a matrix

aj =

a(i) =

Exercise: How to write A, in terms of the above notation?

≈



Matrix ColumnVectors

A = [ 50 ]

a
=

[ i ] ,
a

= [ } ) ,
a

5 = 倍]
,

Exerae Wnte A in terms of a, as ,

a, ?

wrong A= a+ a+ Impearf A = ta aa ,
)

Correcd A = IJa, ,a
vectorrow-ofcolum-vector

1

= row - vectons being column -vectrtheachentry one

Here, weusea broodernotion of vector
"

where each entry does NoT need o be a number
.

Willformalize loter when we talk abont " block mott "
.



MatrinlectonRow

A = [ '45 。 ]

aln = [ 1
,

2
,
3 ]

a ) = [ 4 ,
5
,
6 )

A = 「 简
metriX = Column - vector of row - rectos.

extends notion of
"

vector
"



DefinitionofRow -ColumnWector Product
row rector Column vector

⼀

⼀

- ( "
= [ 1 ,

2 ]
,

* = [ 谈 ]
,

Issue . a
→

a
' " .

* B NoTwell - defed .

⼀

product of row vector and column rector

a = [a … a . ) ,
*

= [ "]Definitin
* =aixititantD
defaneds as

( matnix product
'

s spead cou )
.

BTw
,
ths s whyhedoreommed La; 5 )

,not a.
sine t . 5 and a 5 represent drffevent meanings



rdyDef 0 Generad Gu

A = [ii ]
,

x = [ 谈 ] collection of sum of producks
⼀

d , x,
+ … tGnh

*

x =De上 [简 A = “
…

……am 」. Ax
= [ : ?
AmiXit - f amaXn

Def⼆ Ax = [
[ , ] . [ x,w)

[ 2
,4 ) .[ x , 以 ] ] A = [* ! Ax =

器
…
……

% 了[
⼀

a '

Xallection
rf onner producs

Def2 Ax = [ i ] x ,
+ [i ] xa - A =[ G

,

… ,an
]

.Ax =XY, at - tXna
⼀

linear combinetion of columns



Definition I of Matrix-Vector Product: Row-form

Definition 6.1 (Matrix-vector product Def-1)

An man metrx
,

b i , nx
1

Veetor
,

⇌ →

⼀ +
( )
?

Suppoe A =

「 ]
a b 4⽵ .

ε
R器

,

θ [Ab ! )θ (m )
b

Remoainis a row vector,5 is a co lamnvector, thus rigorouslyspeaking.
we connot perform an innerproduct"

,

< a " "
, b
'

)
;

,insteed ,we shll

perform the inner product of a" T and b , whichisaciibqualt

mint] . [ nx 1 ) + mx 1 vean



Consider a General Linear System …

System of Linear Equa2ons

Matrix Representation of Linear System

Matrix Representa2on

a11x1 + a12x2 + ⋯ + a1nxn = b1

a21x1 + a22x2 + ⋯ + a2nxn = b2

am1x1 + am2x2 + ⋯ + amnxn = bm

⋯

A =

a11 a12 ⋯ a1n
a21 a22 ⋯ a2n
⋮ ⋮ ⋱ ⋮

am1 am2 ⋯ amn

=: (aij)m×n

Ax = b

bi = 念 ]
,

J



Definition II of Matrix-Vector Product: Column-form

Claim: Def. 6.1 and Def. 6.2 are equivalent (i.e. they  
produce the same result).

Definition 6.2 (Matrix-vector product Def-2)

A u  is a  ________________ of columns.

Anman 'inxπmamix .

rector
.

→ ⇌

A = Tai
,

a ]
a

,
…
,

,

→
→

Then A . a ← wia .
e

1
-+ wn -Gn

.

Remad Comporehner product and the above
.

Ifu = liun
…

un 7
,

thenttwk "-
- w .twn+ ")

⼀

v -s . Aw = wi at + tunan .

linecr combinetion



More Examples

A u

 Or: A u

3×5 5×13 ×5

A 品←-e&
⼀

00∞⼝
— YYame

⼀ ⼀

3 X 1 vertor
.

⼀

(

①
sx

0

[ aey ) 问 = []



Summary: Four Forms of Linear Systems

Scalar form 

Matrix form

Column-vector form 
(Unknown combination of columns  

produces vector b)

(Given matrix times unknown vector produces b)

Row-vector form  
(Unknown vector satisfies n linear  

equations simultaneously)

(ts:mothixvec product 13 forml3

X ,
+ X2 = 12

{ 2x .
+ 4xz = 94

[ x, X2 ].[ 1 , 2 = 12

亻
[ x, x. ],[2 , 4] =94,

2

[问 * +y ] x =[]
Ax = b ,

where A = [ i4 ]

, b =[ ]
,

x =谈]



Part III   Idea of 
Elimination

Partly from Sec. 2.2



Example (Solving a            system)2 × 2

Solve System of Linear Equations

①
≡

②

①× 3② - , get

3 x - x( 3 ) + 2y( - 3 . ( - 2y 1 ) = 11 - 3 .

1

⇒ 8y = 8

⇒ y =
1

Fon ①
, ge+ x = 2y + 1 = 3

So solution s (x , y ) = ( 3
,

1 )
,



More General …

Example (Solving a            system)3 × 3
θ ①

②
≡

③

Write down magor steps .Ehiminctk 消⽆

② - ①× 2 : ⽬ Y + ⽬ E = ⽇
—

⼀ } 2x
2 system .

③+① : Y + ⽇ E =⽬
⼀

Key idea Eliminde one oirioble x ( by addng equatons )⼀
⼀

lo get 2x 2 systen .



Horto solve nan syste ' .

Fust ,

lliminate varoble 4
,

「 o get (
- 1 ) × ( n -) system with variobe

X 2 ,

-

> Xn

Seand
,

solve n)× ( n- )syster ,

Idea d straight fornd . GaussionElimnoth
.



Matrix and Linear Systems

a11x1 + a12x2 + ⋯ + a1nxn = b1

a21x1 + a22x2 + ⋯ + a2nxn = b2

am1x1 + am2x2 + ⋯ + amnxn = bm

⋯

A =

a11 a12 ⋯ a1n
a21 a22 ⋯ a2n
⋮ ⋮ ⋱ ⋮

am1 am2 ⋯ amn

=: (aij)m×n

Given a linear system, 

The coefficient matrix of the system is an              matrixm × n

Definition (Coefficient Matrix)



Matrix and Linear Systems

a11x1 + a12x2 + ⋯ + a1nxn = b1

a21x1 + a22x2 + ⋯ + a2nxn = b2

am1x1 + am2x2 + ⋯ + amnxn = bm

⋯

A =

a11 a12 ⋯ a1n
a21 a22 ⋯ a2n
⋮ ⋮ ⋱ ⋮

am1 am2 ⋯ amn

=: (aij)m×n

Definition (Coefficient Matrix)
Given a linear system, 

The coefficient matrix of the system is an              matrixm × n

?



Augmented Matrix

Definition (Augmented Matrix)

the corresponding augmented matrix is 

Given a linear system, a11x1 + a12x2 + ⋯ + a1nxn = b1

a21x1 + a22x2 + ⋯ + a2nxn = b2

am1x1 + am2x2 + ⋯ + amnxn = bm

⋯

. ↑
…



Exercise

Consider  

What is the coefficient matrix? 
What is the augmented matrix?

2

A = [ ]
[Alb ] = [ } 刻 )



Summary Today

Today, we have learned: 

  —Formula2on of systems of linear equa2ons 

  —Matrix-vector product and four forms of linear system 

  —Gaussian elimina2on to solve a linear system

Question: (next +me)   

Does Gaussian elimina2on always work?

Idea
,
not detailed procedare )

⼀


