Lecture 03

Systems of Linear Equations I: Forms and Elimination
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I Recall

In the last lectures ...

e Definition of norm and dot (inner product)

e Calculation of vector norms and inner products

e Real-world examples



Today

Today ... System of Linear Equations!

After this lecture, you should be able to

1. Write the/4 formg of systems of linear equations

2. Write the various forms of fnatrix-vector product)

2. Solve a linear system by Gaussian elimination



Reading Material: Logic and Proof

Ditticulties in Linear Algebra, partially due to...
lack of training of proving.
—or simply, lack of LOGIC.

Material to check:

https://www.math.toronto.edu/preparing-for-calculus/
3_logic/we_2_it_then.html
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Linear System of Equations:
Preliminary School Example

(Chicken-Rabit Problem &% 8 5)

There are 35 heads and 94 feet in a cage.
How many ehickens and how many rabbits are there”

Assumption: Each chicken has 1 head and 2 feet, and each rabbit
has 1 head and 4 feet.
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I Linear Equations

Definition (Linear Equations)

A linear equation with n unknowns is the equation of the form

a x|+ ar)x, + - +ax, =b_
S -»
or O0*x=b
where @y, a,, ..., a,, b are real numbers and X, X,, ..., X, are variables
ﬁ
1= [Ou, =, Dal X = IX, — %)
Coefficent Voriokle



I Exercise

Exercise (Linear Equations)

. . YES NO
Are the following linear equations?

’u

1. —x; +4x, = 2x, + 3x; X1, X2, X3, X4 are variables




I Exercise

Exercise (Linear Equations)

: : : YES ‘ NO
Are the following linear equations? m

1. —x; +4x, = 2x, + 3x; X1, X2, X3, X4 are variables

2. —XyX; = 2xy + 3x3 ho X1, X2, X3, X4 are variables

’X(?%_:Zﬁ , W/m,m X., Xy Ord. Vorohis
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I Exercise

Exercise (Linear Equations)

Are the following linear equations?
1. _xl ~+ 4X4 — 2XZ ~+ 3X3

2. —X1X4 = 2%, + 3x3

3. al.xl + a2x2 — b

/W

X1, X2, X3, X4 are variables
X1, X2, X3, X4 are variables

X1, Xy, a1, 0y, b are variables

7
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Definition (System of Linear Equations)

An m X n system of linear equations is a of(m linear)
==

equations with évariable

allxl + a12x2 + - + alnxn — bl

a21x1 -+ a22x2 + - + aznxn — bz

a, 1 xX; +a, x, + - +a,x =b,

where all 4;; and ‘b, are real numbers and Xy, X, ...; X, are variables

(A system of linear equations is also called a linear system)



I Exercise

Exercise (Linear Equations)

: : ) 4 33 NO
Is the following a linear system?

i a1, A12, 413, A14 are variables




I Exercise

Exercise (Linear Equations)

: : YES ‘ NO
Is the following a linear system? m

—all ~+ 4012 — 2a13 + 3Cl14

a1, A12, 413, A14 are variables
56111 + 36112 — Cl13 + 3a14

It is critical to know what are th,@nknowns)!

(such as the weight vectors in our movie preference example)




I What is New in this Course?

You learned these in middle school (or even primary school).

What more can we study? What will be new?

1. Yes, you can solve system of equations in 2 variables.
What about 5 variables?
What about 100 variables? >r (ompulers
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Row-Vector Form of System .

v
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I Column-Vector Form

(0% +8xa+ 5K =85
EX 45 F(52 6% (FD)
X, +bx. 6 =&Y
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I Matrix Definition

Definition 4.1 (Matrix)

An m X n matrix A is a rectangular array of numbers with m rows

and n columns in the following form:

dyp dyp 0 Ay
yy oy =t Ay,
—_— —_ mXxn
A=| . A .| = @) € R™
A1 Ay amn_

where all 4;; are scalars.

: . eg. S . (orrect. o
Def 4.2 (Dimension): WVW\J' dlh 3 A 2 0"»" 2. ( ‘dfﬁ\\l /ox20

For an m X n matrix, the dimension of Ais m X n (reads “m by n”).
For an m X 1 vector, the dimension of the vectorism, or m X 1.
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Matrix Conventions (Directly Copied from Lecture 4)

» Foramatrix A, 4;;is called the (i, j)-th entry (element) of A

a3 e of (20 )5 b
« Matrices are denoted by A, B, C, ...

« When m = n, A is called a square matrix; a rectangular matrix o.w.
) ag

e When all entries are zerosA is called a zero matrix
(’/'o (o Jw
(similar to zero vector) O 0 9

- Whenm =1, Aisarowvector [, 2, 3]

/
« When n =1, A is a column vector [z]
3

« When m=n =1, A can be considered as a scalar [ /,f?J
In moth, (x! pefix = Sw“"? Ln COJ‘Q)/MT. (x| Moty

—
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I Matrix Conventions

e Column of a matrix aj —

* Row of a matrix a®¥) = [ A - A ]

g

Exercise: How to write A, in terms of the above notation”
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De]ﬂ'm‘h‘w Of Row- Column Veutw-  Proglect
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I Definition | of Matrix-Vector Product: Row-form

Definition 6.1 (Matrix-vector product Def-1)

-

A & men mene, b a4 QX1 Veeb,
V

—~ e, A
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Matrix Representation of Linear System

Consider a General Linear System ...

System of Linear Equations

= (aij)an

Matrix Representation

AX:L

o—
()




I Definition Il of Matrix-Vector Product: Column-form

Definition 6.2 (Matrix-vector product Def-2)
A B RN MONX ;.14“; x| vady .
A= [608,8]
The AK =2 w o+l

£mel< Cow\?we AN er Pﬁdud Dw‘ the asz

lf =[U, Uy u JER™, then W = Wi+ - +l4b
VS, AR = Wi+ +U4 B

Au isa [reer combinshon  of columns.

Claim: Def. 6.1 and Det. 6.2 are equivalent (i.e. they
produce the same result).



IMore Examples
2:3%

A= 10—1,
l0/)7 \Jb -2 4

1x14+4%x(—2)+2%x0+3%x5+5x%(—1)
AU =[(-2)%1+1%(=2)+3%x0+0%5+(—1)x%(-1)
S— 0x1+4+7%(=2)+(-1)*0+ (—2)*5+4x%(-1)

3
3
iis- Lx|

e

+0-

+5.




Summary: Four Forms of Linear Systems

UTS: MD!-WC ?dei (B'fowﬂ

Scalar form

Row-vector form 5 L) (X . %)=12

(Unknown vector satisfies n linear
CL/ IP) * CX\, Xa );7}0

equations simultaneously)
Column-vector form "N x ¢ | = :
(Unknown combination of columns |9 L | M ™ 7%
J

produces vector b)

Ar=b. whee A2(24) b [ge] o)

Matrix form

(Given matrix times unknown vector produces b)
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I Solve System of Linear Equations

Example (Solving a 2 x 2 system)

X —2y = g,
3x +2y =11 @)
G- Dx 3. get
Bx-5x) Ty~ 3-c29) =1~ 3
> 8y =9



I More General ...

Example (Solving a3 x 3 system)
Qot+4y—22=2 Q
4r+ 9y — 3z =8 Q

—2zx —3y+7z2=10 ’@

ﬁa‘} Elmnde ome WI%LU X (% qug £7M+w)

& 79/* 2x 2 Syﬂw ~
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Matrix and Linear Systems

(Coefficient Matrix)

Given a linear system,
allxl + a12x2 + - + alnxn — bl

a21x1 + a22X2 + - + azn.xn — bz

a,x; +a, x,+ - +a,x =b,

The coefficient matrix of the system is an m X n matrix

dip dpp dyy
typ lpp =t oy
A= : : .. : — (aij)an
_aml amZ amn_




Matrix and Linear Systems

(Coefficient Matrix)

Given a linear system,
allxl + a12x2 + - + alnxn — bl

a21x1 + a22X2 + - + azn.xn — bz ?

a,x;+a,,x,+ - +a,x =b,

The coefficient matrix of the system is an m X n matrix

dip dpp dyy
typ lpp =t oy
A= : : .. : — (aij)an
_aml amZ amn_




Augmented Matrix

Definition (Augmented Matrix)

Given a linear system, dayX; + a;px, +

a>1X1 + Ay Xy +

a1 X1t aypnX) +

the corresponding augmented matrix is

4 |b]=| "




I Exercise

Consider 2x1+3x2 =3,

W
W

nat IS t

nat 1S t

A -

X1—X2=4

ne coefficient matrix?

ne augmented matrix?

) SW
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I Summary Today

Today, we have learned:
—Formulation of systems of linear equations
—Matrix-vector product and four forms of linear system

—Gaussian elimination to solve a linear system

quo‘u not o(afa.‘(d Pmcu(u‘ra)

Question: (next time)

oes Gaussian elimination always wor

N



