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Matrix Operation lii:
Partitioned Product
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I Today’s Lecture: Outline

Today ... Continue Matrix Multiplication

Outline:

1. Block partition

2. Partitioned matrix multiplication
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I Today’s Lecture: Learning Goals

Today ... Matrix Multiplication!

After this lecture, you should be able to

1. Conductdmultiplication of partitioned matrices

2. Especially: Write the expressions of valid matrix-

matrix multiplication ug,‘y\(’ row/ Ool Yms
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Part 1 Block Partition




I Matrix Partition

Sometimes, it will often be convenient to think about matrices defined in
terms of other matrices.

For example, we already saw augmented matrices, defined in terms of a
coefficient matrix and a vector of righthand sides.
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I Example 1

Let's see a different example, with similar tlavor of “partition”.

-1 -1 -1
2 2 2
-1 -1 -1
2 2 2

P =

What do you observe?

Can youSsimplifythe expression?
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I Example 2
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Can you simplify the expression?

4 by 6 matrix P&ﬁ“ 12: ['O?} \ 2x2 fO(canaW

2 by 2 blocks give
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I Definition

— )
The matrix = :A’ L %5
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Is a partition of matrix with s x t blocks if the matrices Aj; satisfies

(lﬁﬁach fixed 1), the number of rows of all A; are equal.

(2) For each fixed j, the number of columns of all A;; are equal.

The matrix Aj; is called the (i, /)-block of A.

Make sure the blocks are the right sizes:
(i) blocks in the same (block) row have same # of rows,

(i) blocks in the same (block) column need to have same # of columns.
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Rule of thumb:

I Multiplication of Partitioned Matrices

match | g9 (233 (2] matth i ().

'You can treat blocks as “scalars” to perform matrix-multiplication, with an extra rule:

When the blocks multiply, the dimensions must match.

-xample

Block multiplication If blocks of A can multiply bl
of AB is allowed. Cuts between columns of A match

ks of B, then block multiplication

cuts between rows of B.
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I Example 3
If

1 2 5 -1 3 4
A11=[ ], /‘\12=[_2 . 0], A13=[6]

3 4

A21 = [1 5],

then

has the (1,2)-block A;2 and (2,3)-block Az3. Moreover, the number o
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rows of all Ayj is 2, and the number of columns of all A3 is 1.
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1 o
-3 4..

7 -2 3]

.

f - (Cis 2

f/m



Part 2 Matrix-matrix




I Multiplication of Matrix-Vector

Matrix-vector product:
3 forms, correspond to 3 forms of linear systems.

Why 3 forms”? Recall: .
Matrix-vector product: /\7( Py &2, X 2x|
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Multiplication of Matrix-Vector

Matrix-vector product:
3 forms, correspond to 3 forms of linear systems,
Why 3 forms? Different ways of partitioning! 7 gv. () Moty Pw(\‘ﬁm
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I Multiplication of Partitioned Matrices

A-2x3, B.3x2
What it we multiply A and B? '
Q1: What pair of partitions lead to valid multiplication” A—B A VA,L"A ,
Q2: What results do we get?
A [OS;T:) [0,,02,033
A:. whole malrix, row-partition, column-partition
B: whole matrix, row-partition, column-partition
bor )
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9 combinations. A
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Q1: Among them, which are valid?
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I Multiplication of Partitioned Matrices

What if we multiply A and B?

Q1: What partitions are valid? Q2: What results do we get?

A: who
3 WhoO

e-matrix, row-
e-matrix, row-

partition, co

partition, co

umn-
umn-

Q2: Expression of the valid products?

nartition

nartition



I Whole-matrix Times Row-form or Column-form

Suppose that Ais a m X n matrix and B is a n X r matrix. If B is
partitioned into columns B = [by, b2, -, b,], then

AB = [Ab;, Ab,, - - - , Ab,].
And if A is partitioned into rows




Important Special Case:
I Column-form Times Row-form

B [ ™= 4T 4
aq a, : = |labi+---+a,b,
| J§ §| FOT S (R -
-xample 7.3.4:
o] [1 o] - af el - 5 2+ [; o - s 2

Computation in Eg 7.3.4 Interpretation of product

row * column 4 dot products Collection of inner products

column*row 2 outer products Sum of outer products



Example: Sum of Outer Products

Compute XY

3
XY = | 2
1

10 20 10
5 10 5




Vector inner [al,
product

Observation:

Form-1 mimics outer
product, but consists of
Inner product

R : B

Multiplication’s Explanation

Vector outer T T 1T
- , e o 0 ’ a
For: | product 2, ()]

:bla b29 ceey bk] (ag)bj)mxk Definition
T T 1T " a b7 Sum of outer.
By -+ gy 23 sumotoue

Form-2 mimics inner
product, but consists of
outer product



I Multiplication of Partitioned Matrices

What it we multiply A and B?

Q1: What partitions are valid? Q2: What results do we get?
A: whole-matrix, row-partition, column-partition ] . ]
B: wh ' =part olumn-partition A n X l/l, B n X ka

A B AB

scalar * scalar

scalar * vector A [b;,b,,....,b,]  [Ab,Ab,, ..., Ab]

1)

T T T
; vector * scalarr [a(Tl),...,a(T,,n)]T B [agB, ..., ag,,B]

Vector outer T T 9T Th. -

—~ Vector inner T Tar ab Sum of Buter-
‘A‘ produc’[ [al, cens an] [b(l)a coey b(l’l)] ; (@) u Oc;uocl:se
Practice Question \Wheniseachtormvalid’

Where does “dim-checking” play a role”




I Reading: Philosophy of Multiplication Rules

Occam’s razor principle:

Make things as simple as possible, but not simpler.

TN, ZDIBSEAR

Pluralitas non est ponenda sine neccesitate.

Application 2:

Idea: Partitioned matrix multiplication shall use the
same rules as “non-partitioned multiplication rules” it
possible:

—matrix-vector-multiplication

—vector-vector-multiplication

—Scalar vector multiplication

Fortunately, this is the case!!
(As we have seen in the past few pages)




I Short summary of the past 2 lectures

Lec 03: matrix-vector multiplication Represent Ax = b

Lec 04:@ulﬁplicaﬁ
Will be useful later for

(+ transpose) representing GE

Lec05

Row/column-partitioned matrix multiplication;

Useful in SVD

—matrix as gum of outer-products) (~ lec 23)




‘Concluding Section




I Summary Today

Write your summary below.

One sentence summary:

Detailled summary;



Summary Today Instructor's summary

One sentence summary:
We learned (deeper) matrix multiplication ond forh‘tm\ o][fwﬂ‘x _.

Detailed summary:

—Block partition:
Rules of partition and multiplication.

Valid partitioned matrix-matrix multiplication.
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