
Lecture 05

Matrix Operation III:  
Partitioned Product

Instructor: Ruoyu Sun
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1. Block par,,on  

2. Par,,oned matrix mul,plica,on

Today’s Lecture: Outline

Today … Con,nue Matrix Mul,plica,on 

Outline:

⼀



1. Conduct mul,plica,on of par,,oned matrices  
   
2. Especially: Write the expressions of valid matrix-
matrix mul,plica,on 

Today’s Lecture： Learning Goals

Today … Matrix Mul,plica,on!

AEer this lecture, you should be able to 

→
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using rowlcol forms



Part 1  Block Partition 
and Matrix Multiplication 



Matrix Partition

or a1 ana2

a(1)

a(2)

a(m)
⋮ ⋯

Another example: express a matrix by vectors
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Example 1

Let’s see a different example, with similar flavor of “partition”.

What do you observe?

P =
−1 −1 −1
2 2 2

−1 −1 −1
2 2 2

Can you simplify the expression?⇌
want to saulesace .
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Example 2

Can you simplify the expression?
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Definition

Make sure the blocks are the right sizes: 
(i) blocks in the same (block) row have same # of rows,  
(ii) blocks in the same (block) column need to have same # of columns.  
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Multiplication of Partitioned Matrices

Rule of thumb: 

You can treat blocks as “scalars” to perform matrix-multiplication, with an extra rule: 

               When the blocks multiply, the dimensions must match.

Example
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Relation of Diffenent component
produs
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Example 3

Non-example:

Debtokrow
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Part 2 Matrix-matrix 
products 

Strang’s book Sec 2.4



Multiplication of Matrix-Vector
Matrix-vector product: 
  3 forms, correspond to 3 forms of linear systems. 
Why 3 forms?   Recall: 

Matrix-vector product:  

Scalar form: 

Row-form: 

Column-form:

Ax , A : 2x2 , x : 2xy

[
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]
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Comments
1① HI form of malnx

- vector producs
are specid osesofporconedmotrix products ,

② Different partitions of A andx
lead to different foms

③ There can be 10 different ways ,

these 3 are te simplest .
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Form ofAx:Interpretcw
We will demonstrate : row form of Ax
is just aspe'd cose of potioned motny product .
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Column Form of Ax : Interpretaton
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Multiplication of Matrix-Vector

Matrix-vector product: 
  3 forms, correspond to 3 forms of linear systems. 
Why 3 forms?   Different ways of partitioning!

A x Mimic

Valid Scalar form 
m by n block

Vector  
N by 1 

Vector 
m by 1 Matrix-vector product

Valid row-form 
m by 1 block 

vector 
1 by 1 block

vector 
m by 1 Scalar-vector product

Valid Column-form 
1 by n block

vector 
n by 1 block

vector 
1 by 1 block Vector-vector product

Invalid 
combination

row-form 
m by 1 block 

vector 
n by 1 block ERROR! ERROR!
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Whet ' s the message
in theprevin page !
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Multiplication of Partitioned Matrices

What if we multiply A and B?  
     Q1: What pair of partitions lead to valid multiplication? 
     Q2: What results do we get?

A: whole matrix, row-partition, column-partition 
B: whole matrix, row-partition, column-partition 

9 combinations. 

Q1: Among them, which are valid?

A : 2× .
3 B : 3×2

Hvold.

⽢ [ ] [a, a2 , a3]

B
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Form : Row-formMatix

] , B蹈丝型
1 ×3 3 × 2

,
3
-

⻛

→ x了

⼀

AT ③()

=
s10些 l
o ]AinB

S还 3 - 3 , so match .

Re Many students 13 30% ) thought
this is invalid .



Visualze Three Valid Forms
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Multiplication of Partitioned Matrices

What if we multiply A and B?  
     Q1: What partitions are valid?   Q2: What results do we get?

A: whole-matrix, row-partition, column-partition 
B: whole-matrix, row-partition, column-partition 

Q2: Expression of the valid products?



Whole-matrix Times Row-form or Column-form



Important Special Case: 
Column-form Times Row-form

Example 7.3.4:

Rules Computation in Eg 7.3.4 Interpretation of product

row * column 4 dot products Collection of inner products

column*row 2 outer products Sum of outer products



Example: Sum of Outer Products

Example



Multiplication’s Explanation

Observation: 

Form-1

Form-2

Form-1 mimics outer 
product, but consists of 
 inner product

Form-2 mimics inner 
product, but consists of 
outer product



Multiplication of Partitioned Matrices

A: whole-matrix, row-partition, column-partition 
B: whole-matrix, row-partition, column-partition 

What if we multiply A and B?  
     Q1: What partitions are valid?   Q2: What results do we get?

Mimic Form of A Form of B Product Remark

 scalar * scalar A B AB

scalar * vector A

vector * scalarr B

Vector outer 
product

Definition

Vector inner 
product

Sum of outer-
products

[b1, b2, …, bk] [Ab1, Ab2, …, Abk]

[a⊤
(1), …, a⊤

(m)]⊤ [a⊤
(1)B, …, a⊤

(m)B]⊤

[a⊤
(1), …, a⊤

(m)]⊤ [b1, b2, …, bk] (a⊤
(i)bj)m×k

[a1, …, an] [b⊤
(1), …, b⊤

(n)]⊤
n

∑
i=1

aib⊤
(i)

A: m × n; B: n × k .

Practice Question: When is each form valid? 
 Where does “dim-checking” play a role? 

0㪻



Reading: Philosophy of Multiplication Rules

Occam’s razor principle:  

Make things as simple as possible, but not simpler. 
如⽆必要，勿增实体 
Pluralitas non est ponenda sine neccesitate.

Application 2:
  Idea: Partitioned matrix multiplication shall use the 
same rules as “non-partitioned multiplication rules” if 
possible:  
   —matrix-vector-multiplication 
   —vector-vector-multiplication 
   —Scalar vector multiplication 
   —… 

 Fortunately, this is the case!!   
(As we have seen in the past few pages)

dh motdng ,⑥



Short summary of the past 2 lectures 

Lec 03:  matrix-vector mul,plica,on Represent Ax = b

Lec 04:  matrix-matrix mul,plica,on  

    (+ transpose)

Lec 05 Part 1-2:  

 Row/column-par,,oned  matrix mul,plica,on;  

   —matrix as sum of outer-products 

Will be useful later for 
 representing GE

Useful in SVD 
(~ lec 23)

∞
∞
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Concluding Section



Summary Today

Write your summary below.

One sentence summary:

Detailed summary:



Summary Today Instructor’s summary

One sentence summary:

Detailed summary: 
—Block partition:
    Rules of partition and multiplication.  
    Valid partitioned matrix-vector multiplication. 
    Valid partitioned matrix-matrix multiplication.

We learned (deeper) matrix multiplication, transpose and partition.

  —Gaussian eliminaEon to solve a linear system 
       Elementary row opera,ons.

adportitionofmatrix ⼀

∞

ows( olumm ) :Definiion
matn).columns )

( rows) , (matrix)

columus1 . ( rows) = sum of outerproduct


