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Solving Linear System: n X n System
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I Recall

Lechm ;
In temmtyieSles ... (How to solve simple linear systems)

e Definitions of j@nd systems @
e Examples of soIvin@ystem of linear equations

e Definition of an augmented matrix representation




Today’s Lecture

Today ... More on System of Linear Equations!

After this lecture, you should be able to

1. Tell what are@ementary row operationsyand why they are allowable

28. Tell the definition o@nd@oer triangular ma@

349. Solve an X n linear systenf (square system) using Gaussian Elimination
— \




Part | Gaussian
Elimination and Row




I Recall: Augmented Matrix

Definition (Augmented Matrix)
Given a linear system, a1X; + ajpxy + +-- + a,,x, = b,

azlxl + a22X2 + - + azn.xn — bz

a,\x;+a, x,+ - +a,x =b,

the corresponding augmen




I Overdetermined, Underdetermined and Square

Definition (System of Linear Equations)

An m X n system of linear equations is 2 v~
2

. So
(1) overdetermined system if m > n
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(2) underdetermined system if m < n

lﬁﬁ(Z) wide, it m < n;
Zn,__.

(3; square system if 71 ? [\:]
e
LY >S5

Today we solve an n X n system, i.e.,

square system

-—

Anm X n matrix is

(1) tall, itm > n;

(3) square, itm =n.



I Special Matrices

Definition (Lower Triangular Matrix)  ~(\ 2 7@ kw ~

A square matrix of the{f rm

-
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fn1 Lno , j
\
is called a lower triangular matrix. Qntres L«l(:g Obfﬁ“‘*‘(

L;=0 forall i <j
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I Special Matrices

Definition (Upper Triangular Matrix) ki‘ﬁ)

A square matrix of the form

Ur2 U113 c o Ul.n
2 U23 “ o ’UQ,n |

Uil

0

is called an upper triangular matrix

Ul]=0 fOra” l>]






I Special Matrices
N0
Definition (pcEsee-diagonal
triangular Matrix)

hANW2R9
A matrix is called a pEE#e-diagonal triangular matrix if

U;=0 forall i>j and U; #0 forall i (upper)

L;=0 forall i<j and L, (forall i (lower)
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I Review

@zxz system: S
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What are the
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(1) Multiply a row by a

te

7

on-zero scalar

(2) Add to one ro@ of_zmmb

(3) Swap the positions of two rows [ pat puged M +hs m@..rle,J



Allowable Operations or@

X (Y('f 2K = [P)
(1) [Multiplication] Multiply(an equatigh by a non-zero scalar

x(Xi+Pa=¢) + (3 +6% :7)_
(2) [Addition] Add to one equation a scalar multiple of another

(3) [Interchange] Swap two equations

X{‘I'Z)(l:(/
?,erfxaa)?‘

Operations on linear equations!



I Other Operations

Exercise (Other Operations)
Can the following operations be performed?

(4) Multiply a row by zero M.

(5) Exchange variables Mo. (lM'lSS QX s‘ﬁ_zfs ore '(n/mn,- Sk.‘f

(6) Multiply the coefficients of two equations A/



Allowable Operations @
x (2 ’ (‘7‘)

(1) [Multiplication] Multiply a row by a non-zero scalar
A bbby =

(2) [Addition] Add to one row a scalar multiple of another

o Ch2pie] £ 02 236 ]

(3) [Interchange] Swap the positions of two rows

[1.2]¥) . (ﬁz 2[4
C2 (5]

Operations on rows of an augmented matrix!




I Allowable Operations on Rows

Definition (Elementar@ (HZF 1T

SColor— vechey chlur

(1) [Multi ] Multiply a row by a non-zero scalar
oL Vi —+ V3 LC Df 2
(2) [Addition] Add to one row a scalar multiple df anothe

(3) [Interchange] Swap the positions of two rows

[12,3) = Tonn, &, 3™

-
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Allowable Operations

(1) [Multiplication] Multiply a row by a non-zero scalar
(2) [Addition] Add to one row a scalar multiple of another
(3) [Interchange] Swap the positions of two rows

Exercise )(The operations preserve solutions)

Show thatmperationgabovejmd create a new
ba >

system will Wy the solution of the origim
N
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I Gaussian Elimination -,éaﬁ » down

Step 1: Forward Elimination
(Equation)

T+ y+ z2=206 0,
T+2y+2z2=9 @
z+2+32=10 Q)
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T+ Y
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| -9

z2=20

y+z=3

@ Phj |

Step 1: Forward Elimination

(Matrix)
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I Gaussian Elimination o(mw\ 1 ﬁf

Step 2: Backward Substitution Step 2: B.adﬂﬁﬁﬁd%ubstitution
(Scalar) (Matrix)
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Pipeline . Gaussian Elimination for “Good” Systems

Pipeline ooy (Agper tw‘ogu\w Predvix.
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Part Il Elementary Matrix

- next Eme

- neXt time




Question

Goal:  Better understand GE for solving a square linear system

Question:

Given a square linear system, after implementing the first step in

GE (forward elimination), what happen to the coefficient matrix?
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I Review of Elementary Row Operations

Definition (Elementary Row Operations)

(1) [Interchange] Swap the positions of two rows
(2) [Multiplication] Multiply a row by a non-zero scalar

(3) [Addition] Add to one row a scalar multiple of another

The operations preserve solutions

Performing the operations above and creating a new system will

not vary the solution set of the original system!

Can we use matrix multiplication to represent GE?



Row-Operation 3: via Row-Form of Linear System

Operation 3: Substract Eqg. (1) * a - Eq. (2).
Can we represent it using matrix?

)
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_A2_ (¥> WV WA

Ax=b < | ﬁ\;’;ii

Substract Eqg. (1) * a - Eq
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I Matrix Representation of Operation 3
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I Operation 3: Add a Scaled Row

Add a Scaled Row to Another

(3) The elementary matrix corresponding to elementary row operation 3
(Ri = BRi + R;) is (elementary matrix type IlI)

1\

\il\ ith row
EIBR,'-{-RJ' = \
NN h
B N1 Jth row
Jhong——— S N3

Iy

m Jjth column

Block form?



Operation 3: Add a Scaled Row

operehom PR+R & mulply A
Add a Scaled Row to Another {Zow F.Qm i P 6 by E )"J
th provi p ? 3 (5&*1‘3}‘ |
EgR +R; € RM*XM the result O@R +R; @ + 0) Is to multlply

each element of ith row of matrix A by ¢, then a ow
_whHekeeping 7th row unchanged.
Example — 0

£ w x| |10 w x| w X
hithed 2171201 y z| |2w4+y 2x+z

ail air 1 0 O dil1 412
E_ori4r; | @21 a» [=] 0 1 0 a1 axp
a3 a3 -2 0 1| a3 a3 |
i d11 d12 ]
= d21 d2?2
| —2a31 +a31 —2a12+ a3




I Operation 1: Swap Rows

Swap Two Rows

(R,'<—)Rj) [’Qz A
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I Examples of Matrix Multiplication

Swap Two Rows
(Ri <> Rj)

(1) The elementary matrix corresponding to elementary row operation 1 B | OC k form?
(Ri <> R;) is (elementary matrix type |) '

A

ith row

Err =

Jjth row

ith column Jth column



I Operation 1: Swap Rows

Swap Two Rows (R <+ R})

exchange the it

/g@e matrix)

Example

= O O

o O =

, the result of Eg,g A is just to
h row and jth row of matrix A, Eg g, is also called th




I Operation 2: Multiply a Row by a Nonzero

@ﬁplla Row by a Nonzero Scalar’

(R,' — O{R,'(Oé 75 O))

(2) The elementary matrix corresponding to elementary row operation 2

(Ri = aR;j(a #0)) is (elementary matrix type II)

1

Al
| b

=

ith column

ith row

Block form?
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I Operation 2: Multiply a Row by a Nonzero

Multiply a Row by a Nonzero Scalar

Suppose E,r. € R™™(a # 0), the result of E,g.A is just to multiply each
element of ith row of matrix A by a.

Example
1 0 w x| | w X
0 3 y z| |3y 3z
1 0 0] [ a1 a2 | a1 a1
0 10 a ax» | = | ax a»
i 0 0 2 1 L 931 432 | i 2331 2332 il




Elementary Matrix

Definition (Elementary Matrix) %%%&“% |

The matrices corresponding to a single elementary row operation
are called elementary matrices.

For a given matrix A, performing elementary row operation for A is
equivalent to premultiplying A by the corresponding elementary matrix.

(G P I prelglies.

Matrix Multiplication for Elementary Row Operations




I Elementary Matrix

Exercise

Are the following matrices elementary?

0
1

1 1 0
0 0 3




I Elementary Matrix

Exercise

Are the following matrices elementary?

Question: What does the last matrix do if we multiply it
by any matrix (with matched dimensions)?




‘Concluding Section




I Summary Today

Write your summary below.

One sentence summary:

Detailled summary;



