
Lecture 06

Solving Linear System:  Systemn × n

Instructor: Ruoyu Sun



Recall

In the last lecture …

• Defini2ons of  linear equa2ons and systems of linear equa2ons

• Examples of solving             system of linear equa2ons2 × 2

• Defini2on of an augmented matrix representa2on 

(How to solve simple linear systems)
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Today’s Lecture

Today … More on System of Linear Equa+ons!

AFer this lecture, you should be able to 

1. Tell what are elementary row opera2ons, and why they are allowable 

2.   Visualiza2on of a  system of linear equa2ons  

3.  Tell the defini2on of lower and upper triangular matrices 

2 × 2

4.   Solve a  linear system (square system) using Gaussian Elimina2onn × n
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Part I   Gaussian 
Elimination and Row 

Operations

Partly from Sec. 2.2



Recall: Augmented Matrix

Definition (Augmented Matrix)

the corresponding augmented matrix is 

Given a linear system, a11x1 + a12x2 + ⋯ + a1nxn = b1

a21x1 + a22x2 + ⋯ + a2nxn = b2

am1x1 + am2x2 + ⋯ + amnxn = bm

⋯
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An               system of linear equa2ons ism × n

(1) overdetermined system if 

Definition (System of Linear Equations)

Overdetermined, Underdetermined and Square

m > n

(2) underdetermined system if m < n

Today we solve an n × n system, i.e.,

(3) square system if m = n

square system

(1) tall, if ; 

(2) wide, if  

(3) square, if 

m > n

m < n;

m = n .

An   matrix ism × n
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Special Matrices

A square matrix of the form

is called a lower triangular matrix.

Lij = 0 for all i < j

Definition (Lower Triangular Matrix) 下⼆确阵。
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Special Matrices

Definition (Upper Triangular Matrix)
A square matrix of the form

is called an upper triangular matrix

Uij = 0 for all i > j
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Special Matrices

Definition (positive-diagonal 
triangular Matrix)

A matrix is called a posi2ve-diagonal triangular matrix if 

Uij = 0 for all i > j Uii ≠ 0and for all i

Lij = 0 for all i < j Lii = 1and for all (lower)

(upper)

i

nonveroL
,

⑤

honzeo
∅

⑩



i业
「

'230 ) :lowerrian

T
'300 ) ;

dgntm,λ upperlower .

['O none ofthese .

Non -square)

,



Exomple of2 x2system: Mothix Perspectre
⼀Augem dmotrix

①

|
x + xz = 2

x,
+ 4x . =

8

②3 「≈41 号号 ]
② - 2 ×D , ger Wnte egmetndimnanorfirest.

| x+=①→T"z Whot do you
2×2 = 14 ③ observe ?

{ x*x
- 1⼝ ①

→ To" upgdg
x2 = 7 ④

Fhelg ① -④, get

③/2 , get⼘x = 5×←-7 o
Observation
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LlHequatmoperost.pls :maricer-
Con I translatetg .ofre

tto matrix operath ?

X + X2 = 12 ①

1 2x,+ [x, =8 ②3
← [≈41 号号 ]

② - 2 ×D , get Wnte egmetndimnanoofirest
.

{ xex
= 12 ①

「 ”
⼝
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2X2 = 14 ③

2Yt(= 38) Thowamy !2438 )" ,- 2 (Xi12)only mumbrs Caddg namberd

2X、
-21, 4X2 -38-

2 . 12 1 2 -2 . 1 4- 201 38-22

- 2 [ 11 1⼝ ]
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LHequatonopercts.pilf
:maric

Con I translate tg .ofe tto matrix operote ?
Ignore equations .

Think: Whrhappens to matrices?

G
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⼝ JR, RowI

Answer: Substract
2-RowI) from (Row2) 38 → Rz Row Z

⼀

Rr-Ri2R2 Wnteuaegmetudimnarofirest

Catcu [ "
"

0 z 4 )lh
[2 , 4 , 387 Rz 2438[ )"

,
- 2 . [ )

, 1 , 12 )
- 2 [ 11 ,nJ2

,21
= O[ ,

2
,
14 ] 2 -2. 14-20138-2

” 。 之↓ ]



Anoter ow operation .

1 2×2 = 14

t 212 % <→ 「 ”
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{
红x *4x= 38 ① 出阿
x + X2 = 2 ②

tiher② ①专
or ①- ②
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2 × 2

Review

Solving a system:

What are the key steps?

(2) Add to one row a scalar mul2ple of another

(1) Mul2ply a row by a non-zero scalar

(3) Swap the posi2ons of two rows

←
R、-LR , R2 (̂-}) R. - 2 . 2R

θ 久 O *
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Allowable Operations on Equations 

(2) [Addi+on] Add to one equa2on a scalar mul2ple of another

(1) [Mul+plica+on] Mul2ply an equa2on by a non-zero scalar

(3) [Interchange] Swap two equa2ons

Opera2ons on linear equa2ons!

∞
α ( ^x+12 (= 4)
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Other Operations 

Exercise (Other Operations)

Can the following opera2ons be performed?

(4) Mul2ply a row by zero

(5) Exchange variables

(6) Mul2ply the coefficients of two equa2ons 

No .

No .

Lunless extrasteps ore taber ; skip
details for now )

No .



Allowable Operations on Matrix 

(2) [Addi+on] Add to one row a scalar mul2ple of another

(1) [Mul+plica+on] Mul2ply a row by a non-zero scalar

(3) [Interchange] Swap the posi2ons of two rows

Opera2ons on rows of an augmented matrix!

e
α [ 12114)

⼀

α [ 1 , 2114] + [ 22136 ]

←以]



Allowable Operations on Rows 

(2) [Addi+on] Add to one row a scalar mul2ple of another

(1) [Mul+plica+on] Mul2ply a row by a non-zero scalar

(3) [Interchange] Swap the posi2ons of two rows

Definition (Elementary Row Operations) (初等⾏变换) 0
Xi sloarudeyrmoed.

→
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Allowable Operations 

(2) [Addi+on] Add to one row a scalar mul2ple of another

(1) [Mul+plica+on] Mul2ply a row by a non-zero scalar

(3) [Interchange] Swap the posi2ons of two rows

Exercise (The operations preserve solutions)

Show that performing the opera2ons above and create a new 

system will not vary the solu2on of the original system!
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Gaussian Elimination

Step 1: Forward Elimination 
(Equation)

Step 1: Forward Elimination 
(Matrix)

lop o down

0
⑧ 丫; 信⾔ 1 ⻔③

↓② -①, 3-O
L -R -R , RR-RrtPs
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Gaussian Elimination

Step 2: Backward Substitution 
(Scalar) 

Step 2: Backward Substitution 
(Matrix) 

down to op
」
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Pipeline

Review: Gaussian Elimination for “Good” Systems

(Think: does it always work?)
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Part II  Elementary Matrix 

—Three elementary matrices 
—How to derive them 
—Permutation matrix

Strang’s book Sec 2.3

→ next ime

→ next time



Question

Question: 

Given a square linear system, aFer implemen2ng the first step in 

GE (forward elimina+on), what happen to the coefficient matrix?

Goal: Be_er understand GE for solving a square linear system
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Review of Elementary Row Operations

(3) [Addi+on] Add to one row a scalar mul2ple of another

(2) [Mul+plica+on] Mul2ply a row by a non-zero scalar

(1) [Interchange] Swap the posi2ons of two rows

Definition (Elementary Row Operations)

The operations preserve solutions

Can we use matrix mul2plica2on to represent GE?

Performing the opera2ons above and crea2ng a new system will 

not vary the solu2on set of the original system!



Row-Operation 3: via Row-Form of Linear System

Operation 3: Substract Eq. (1) *  - Eq. (2). 
Can we represent it using matrix?

α

A = [A1
A2]  where A1, A2 ∈ ℝ1×2 .

Ax = b ⇔ {

Substract Eq. (1) *  - Eq. (2), get a new linear systemα

{

←
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Matrix Representation of Operation 3
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Example : 3x3 matvix

) 迦 ])-eopbogmopiosrtp
λ 企

mulrply Aby「 ” ,
∵) H )--
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Add a Scaled Row to Another

Block form?

EβRi+Rj

Operation 3: Add a Scaled Row

I ②②
→D

λ
.

Jhow e

∞



Add a Scaled Row to Another

Operation 3: Add a Scaled Row

Row operation βRitB
)ulaply A

Defue imp
①

by EβRitR; ,

∞
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Operation 1: Swap Rows

Swap Two Rows
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Examples of Matrix Multiplication

Swap Two Rows

Block form?

。



Swap Two Rows

Operation 1: Swap Rows

→



Mul+ply a Row by a Nonzero Scalar

Block form?

Operation 2: Multiply a Row by a Nonzero 

←

θ

[ H
,
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Mul+ply a Row by a Nonzero Scalar

Operation 2: Multiply a Row by a Nonzero 



Elementary Matrix

Matrix Mul+plica+on for Elementary Row Opera+ons

The matrices corresponding to a single elementary row opera+on 
are called elementary matrices.

Definition (Elementary Matrix) 初等⾊阵 ,

0

⼀

←Row )
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Elementary Matrix

Exercise

Are the following matrices elementary?



Elementary Matrix

Exercise

Are the following matrices elementary?

Ques+on: What does the last matrix do if we mul2ply it 
by any matrix (with matched dimensions)?



Concluding Section



Summary Today

Write your summary below.

One sentence summary:

Detailed summary:


