Lecture 08

Solving Linear System llI:
LU and PLU Decomposition

&P XK ZECREY) HEHNFFKR

¥ The Chinese University of Hong Kong, Shenzhen | School of Data Science

Instructor: Ruoyu Sun



Today’s Lecture: Outline

Today ... LU and PLU decomposition
1. LU Decomposition

2. Permutation matrix and PA = LU

After this lecture, you should be able to

1. Compute LU decomposition of simple matrices

2. Apply permutation in the GE process

Strang’s book: Sec 2.5, 2.6



Part | Matrix Preparation:

Permutation Matrix and Inverse of
tlementary Matrix
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I What Is the Inverse of an Elementary Matrix?

Question: What Is the Inverse of an Elementary Matrix?

Answer: MMYN wyyz_;];mw(\uj B e reJerm 5\?




l} Veod +title

Inverse of Elementary Matri

)]'V\ Ovlpwt ?‘(M

( (I%nv;rse of Elementdr@
(]@E‘ER,R-) corresponding to the reverse row operation 1: R; <+ R

(2) b: E. (a # 0), corresponding to the reverse row operation 2:
R — LR;.

(3: EcBRyr;, corresponding to the reverse row operation 3:
R, — —BR; + R;.

Remark. The inverse of the elementary matrices corresponding to the
reverse row operations and belong to the same type of elementary
matrices.



What are the Shapes? Triangular, diagonal or none?

Type I:

NGt triangulay

—_

Type ll:

R DG

Type lll:

—
Lower triangular
Or
Upper triangular
rr—Y—e——  ————

Type | inverse:

C NGt friangular D

-

Type Il inverse:
Diagonal

Type lll inverse:
Lower triangular
Or
Upper triangular.
Same shape as the original matrix.

Add R, to R5 (use row-1 to eliminate row-3): lower triangular

fi < j,add R, to Rj (eliminate down, Step 1 of GE): lower triangular

Otherwise: lower triangular.







I Exercise: Judgement

o,vplg PLrohim 4 In (r7um>
Any elementary matrix is a square matrix.

Tiae

Any elementary matrix is invertible.
k Fue.
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I Elementary Matrix

Exercise

Are the following matrices elementary?

Question: What does the last matrix do if we multiply it
by any matrix (with matched dimensions)?




I @rmum

-1 BRGS
IS a!Eijectioa from {1,...,n} to itself.
Expression as a vector: m = (m(1),...,m(n))7. permuiestr /h w0 uap,
There are n! permutations of n elements. ) T=(132)

2) W) =l, W2)=3, TE)=2

Matrix P, is obtained by reordering the rows of / in the order

), . x(n)T. T ey g
» Let e; be the ith row of /. '[ ff f 3 af:
> The ith row of Py is e, ;. 2nla|co\ b Zg
07 20100 0], 4 "
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3 5|0 0 140 0
1 111 0 0 0 O
! owe 1 th esch row Z gl
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I Permutation Matrix via Elementary Matrices

Property (Permutation Matrix)

For a permutation matrix P, it can always be decomposed
into a multiplication of finite number of row exchange matrices
Er, r; (corresponding to the row exchange Rj, < Rj, ), i.e.

P = ERik Ry " ERiz Rj ERil Riy @
pevrm utotion PV"A““ I & x @

Example \
/ '0010'@,,&5(@)@}\9&«?@%907\&
0 0 0 1
QXJ\O'ﬁQ ows  P=11 0 o o|=ErRRERRs
0O 1 0O
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I Permutation Matrix

Definition (Permutation Matrix)

A permutation matrix is a square matrix that has exactly one entry of 1 in
each row and each column and Os elsewhere.

Remark A permutation matrix can be obtained by reordering the rows of

the identity matrix. 5
a:[a
Example /w‘ {




Part I Computing LU




“Row Operation <==> Matrix Multiplication” in GE
We have learned two things:

_ (S1) (A single) elementary row operation
s (a single) matrix multiplication. [Lec 0Q]

@QE s a bunch of elementary row operations. [Lec 05]

\{/

(Corollary) by Syllogism = 57
(S3) GE is a bunch of matrix multiplications.

B B)+ (B C)2(As0)

SI) (52) ($3)
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I Matrix Multiplications Lead to Lower Triangular

Two facts:

(S3) GE is just a bunch of matrix multiplications ol
o BE . EA=U. (los sl
(ak/cr fwon?u(ov MatnXx rf No Fow exc‘wj )
(S4) Multiplication E,E,_;...E is lower triangular.

(surprise)  (Hw 2)

(Corollary)

(S5) A = (lower triangular) times (upper triangular) [Lec 07]

(S) (s

(§2) T (5%)

(s&)



I n by n Good Case: LU Decomposition

Coefficient matrix A; square matrix.

(S2) Gaussian elimination (GE) (forward part; assume no row exchange)
0| 0,2
A -L) Al -r—) AZ' .. —O»E)k U U Is upper triangular.

(S3) Express GE as matrix multiplication:

Eka "E/A': U

Express matrix A as matrix product:

A:ﬁﬁﬁ ""Gi)" U

(S4) Qenote@EkEk_l...E] é‘_)l, it is lower tﬂ%

since only involves Type-I (eliminating down) and Type-Il elementary matrices
Then

(9 A=LU,

L
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I How to Compute LU Decomposition?

Express GE as matrix multiplications

Step 2: Compute L m

Step 3: Write conclusion A = LU




I 3 by 3 Example (Same slide as Lec 07)

Coefficient matrix
A —

Gaussian elimination:

2 4 27 R=>—GR+R [ 2 4 2~

@ 5 0 R3—)—5R1+R3\ 3 1

@ -1 9 @—9 5
- - - - -

Express as matrix multiplication:

R3——(—3)R+Rs

) ) (st ety

1 0O 1,00

E-EEA= |0 10 él 0

£)o 1/ |0 o 1]
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3 by 3 Example (from Lec 09)

Step 1 Giaussian elimination (forward elimination)

1 5 2

(2 4 2| Ro—;RitR
R3—>—2R1—|—R3\

4 -1 9

Record elementary matrices.

El’ Ez, E3 —

No row exchange; continue.

2 4 2] o VR R [ 2

0 [3 1 3—=—(—3)Ra+ 3> 0

0 9 5 0
-1 O O] 1T O O] 1 O O]
-1/2 1 0,0 1 O 0O 1 0
L0 O 14 L—2 0 14 L0 3 14
E_X Qr_r27 y (:)SQ,‘I’% E-XR&“’ZJ )

OSOlw| s

o = DN




3 by 3 Example (from Lec 09)

Step 1 Gaussian elimination (forward elimination)

(2) 4 21 R— 1+Re [ 2 4
5 9 R3—— R1+R3, 0 [3

2

4 -1 9

1

0 -9 5
No row exchange; continue.

Step 2: Record elementary matrices.

L, Ey, By =

1 00
—-1/2 1 0
. 0 0 1.

Step 3: Compute L by (10.3).

— —1lp-1p-1
L = E;'E;'E;

Step 4: Conclusion.
A has an LU decomposition A = LU, wher

1 O
—1/2 1
L 0 O

0 0
=@10

0&1

[l

1
0

R3——(—3)Re+Rs3

0 O]
1 0

-2 0 1.

J=%

1

2 4 2 N
0 |13|] 1| &
0 0 8 U

0O O]
1 O
3 1.

1 0 017"

010]

0 3 1

o O
= =
|l

P2 blanU

olues pre rehos
blabla.
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Computing LU Decomposition

Algorithm (compute LU decomposition)

Step 1. Gt
Step 2 /V\Odv‘x E}_/ a A :V’

Step 3 L: < E)L,_, E)B !
s AT Lu,



I Computing LU Decomposition

Algorithm (compute LU decomposition)

Step 1: Forward elimination.
Run forward elimination, till get upper triangular matrix U.
IF row exchange needed:
STOP and report: the algorithm fails to generate LU decomposition.
ELSE (no row exchange) Go to Step 2.

Step 2 Record elementary matrices.
Record elementary matrices E4, ..., E; in Step 1.

Step 3. Compute L. . 1 N
— — — emark:
Compute L = E1 E2 . -Ek (83) Can use row operations for (8.3),
Step 4: Conclusion.
A has an LU decomposition A = LU,
where L = blabla (obtained in Step 3)
U = blabla (recorded in Step 1)



What if there is no LU decomposition?

You may wonder: what if there is row exchange?
(Assumption ® does not hold)

In homework/exam:
—First, it probably will not happen if the problem
asks you compute LU decomposition.

—Second, if it really happens in homework/exam,
just say: there is no LU decomposition.

In practice:

—People can swap rows to perform PLU decomposition (next part)
—There may be other ways (beyond the class)



Part [l PA = LU for General A




I Outline of This Part

Theorem (PLU decomposition)
Any sguare matrix A can be written as
PA=LU,

where L Is lower triangular,
U Is upper triangular;
P is a certain permutation matrix.

QOutline:
—1) 2 by 2 matrix example;
—I1) 3 by 3 matrix example;
—iil) Summary: PA= LU.




I 2 by 2 Example

Augmented matrix: [gp 5 13 § UX, =14
_2 1 _3_ 2)(|‘f)(2 :'; ]

G_u jian elimination:

0 5 13 L

) 3 How to perform elimination step?
T ' \

- N L
{TD(P\“‘Q—,, W}WL(AD(‘ ~r

0() (X(’WL &/2 Xz ’L O

‘{Dzn X+ baXe =b, ©
T) [ Mot X \MO IU"“J (9( ﬂz;)@

Now G, <0, whet % do? 750




I 2 by 2 Example

Augmented matrix:

Gaussian elimination:

05 13
21 -3

P((—"?Z

>

0 5
2 1

1
0 5

13

_3_

_3

13].

ﬂ

§><2 =(3 { Z)(\"/’XT.:";
—
X153 %23

QWG) the (o
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I 2 by 2 Example

Augmented matrix:

Gaussian elimination:

0 5 13

21 -3

o s
2 1] g

>

o

0 5 13
2 1 -3
2 1 =3
05 13

_O 5_

Row exchange is needed!

Q. Unusual

Just look at the coefficient matrix. ™

Express as matrix multiplication (just/1st step):

A =

o s
_2 1_

&, R, <—a/22A

"
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I 2 by 2 Example

Io NI
N =

B o 1]]o 5
A= e 0 |2 1

o s
_2 1_

Denote p, = [(1) (1)] then PLA=U.

Then A =P1_1U.

—_——

L

TW\JF‘ matrix, and U is upper triangular matrix.

J

Here, Pl_1 IS /W’




2 by 2 Example (cont’d)

0 5 o 1] fo 5] _[2 1] 4
2 1 ek, 1 02 1] |0 5
Denote p, = [(1’ (1)] then PIA=U.
Then A =P/ lu.
Here, Pl_1 S matrix, and U is upper triangular matrix.

ls this an LU decomposition”

After re-ordering rows of A, the new matrix has LU decomposition;
.e., d permutation matrix P, s.t. PA = LU .

(In this example, L = I, P = Pl_1 )



I 3 by 3 Example

Coefficient matrix: 11 2] el | | | 2)
A=1(2 2 3| —> O 0 |
3590 N
Gaussian elimination in matrix form (just coefficient matrix):
1 0 0] [1 o0 O]fr 1 2] [1 1 27
EEEA=|0 10| |-2 10|22 3 =00 -1
-3 0 1[0 0 1|3 5 9] [0 2 3]

Row exchange is needed!



I 3 by 3 Example

Coefficient matrix: 112
A=12 2 3
3 5 9
Gaussian elimination in matrix form (just coefficient matrix):
1 0 O0][1 o0 O]frt 1 2] [1 1 27
ESEEA= |0 1 0[|-2 102 2 3[=(00 -1
-3 0 1|0 0 1] (3 5 9 0 2 3
Row exchange is needed!
Def @?E?)m PEEA= |o2 3
elne\— R,R3’ en 2 1-— |:g g _31] iﬂ

Then A = (PE,E)~'U =@—1U.
A=L P U




I 3 by 3 Example

Coefficient matrix: 11 2]
A= 12 2 3
3 5 9
Gaussian elimination in matrix form (just coefficient matrix):
1 0 O] [1 o0 O] f1 1 2 1 1 27
ESEEA= |0 1 0[|-2 102 2 3[=(00 -1
-3 0 1] |0 0 1] (|3 5 90 0 2 3

Row exchange is needed!

oON =

Define P = Ep g, then PE,E\A = [(1) g] =U
0 —1
Then A = (PE,E)"'U = E{'E;'P7'U.
— N
But this is NOT the form of PA = LU. How to get it?
|dea: do all the row exchange at the beginning.




I 3 by 3 Example (cont’d)

Coefficient matrix: .

TN
N R
© W N

11
Define P=Eg , , then pA= |3 5
2 2

W O

Gaussian elimination in matrix form (just coefficient matrix):
1 1 2]
EEMPA =10 2 3|=2U.
0 0 —1.




I 3 by 3 Example (cont’d)

Coefficient matrix: .

TN
N R
© W N

W O

11
Define P=Eg , , then pA= |3 5
2 2

Gaussian elimination in matrix form (just coefficient matrix):

11 2
EEPA =10 2 3 |2U.
0 0 —1.

Then PA = (E,E\)"'U = E{'E;'U .

Define L = El_lEz_l, then PA = LU.



I\n by n General Case: PA=LU

Coefficient matri square matrix.

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

) TypeTor none A Type-| A Type-or none A Type-d A @ U is upper triangular.
(T =0, row vp
yow £Xd7& % QJMM e



I n by n General Case: PA=LU

Coefficient matrix A; square matrix.

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

Type-Tlor none Type-l. Type-Ilor none Type-l . : :
A PO A, yRe L A, ype- ot A, ype, Agor.., S U U is upper triangular.

i) Expres{GE ss matrix multiplication:
 BEP - PEAS U Gomplioted

where Py, ..., P| are row-exchange matrices or identity,
E,, ..., E; are Type-Il or Type-Ill elementary matrices.

iii) Extract row exchange matrices: define P = P, .P,_,...P;.
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I n by n General Case: PA=LU

Coefficient matrix A; square matrix.

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

Type-Tlor none Type-| Type-Tlor none Type-| : :
ypelonone VRS, YPeRLOne WL 4, o p  [Ulsuppertriangular

i) Express GE as matrix multiplication:
PkEkPk—lEk—l”'PlElA — U,

where Py, ..., P| are row-exchange matrices or identity,
E,, ..., E; are Type-Il or Type-Ill elementary matrices.

iii) Extract row exchange matrices: define P = P, .P,_,...P;.

iv) Conduct GE on a new matrix PA.
“Magic"”: no row exchange is needed to obtain upper triangular matrix.

Claim (requires proof; sk|p) = Type [l and Type-lll matrices E, E», ..., E, s.t.
E EQE] (PA) Remark: El-’s are

different from EJS

[T}\\\»‘ CIN"‘ will ‘96 Fwﬁaua ’mvao' i HW}]



I n by n General Case: PA=LU

Coefficient matrix A; square matrix.

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

Type-| or none Type-Il, I Type-l or none Type-Il, I : :
A PO A, ypet A, ype1 ol A, ype-! Agor.., S U U is upper triangular.

i) Express GE as matrix multiplication:

where Py, ..., P| are row-exchange matrices or identity,
E,, ..., E; are Type-Il or Type-Ill elementary matrices.

iii) Extract row exchange matrices: define P = P, .P,_,...P;.

iv) Conduct GE on a new matrix PA.
“Magic": no row exchange is needed to obtain upper triangular matrix.
Claim (requires proof; sk|p) = Type II'and Type-lll matrices E, E,, ..., E, s.t.

E E2E1 (PA) Remark: Ei’s are

different from EJS

v) Denote L = (E,E,_,...E,)”!, lower triangular. Then
A=LU.
@ @SMWJ
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‘Concluding Section




I Summary Today

Write your summary below.

One sentence summary:

Detailled summary;



Summary Today Instructor's summary

One sentence summary:
We learned '/\ow & aon-fm L_(A o(a&wTosiﬁan, ond PLU 0‘2@»?09&4&4

Detailed summary:
) MeatnX ?Ya}?awl’bn.
~ Lnverse b}‘ 'me%fm meinx , emrR ofa’ocﬁ’av)
~ fa,rmumh‘ov» matnx (0) Pmdud af yow edeorje motrces ; (b) reovider rowc 7( L,
2) Compute LU dem]w%bv\
— Work o*]‘ M row Q/XUL‘M?Q nedled
— Write G&is, ther ompute L=Ee-E)
3) PLU o(a,mv?ai»‘ﬁm, |
_ AmZ squwa metrix A 5»11‘%‘& PA=LU .

)



