
Lecture 08

Solving Linear System III: 
LU and PLU Decomposition

Instructor: Ruoyu Sun



Today’s Lecture: Outline

Today … LU and PLU decomposi2on 

1. LU Decomposi2on 

2. Permuta2on matrix and PA = LU 

Strang’s book: Sec 2.5, 2.6

A=er this lecture, you should be able to 
1. Compute LU decomposi2on of simple matrices 

2. Apply permuta2on in the GE process



Part I  Matrix Preparation: 
Permutation Matrix and Inverse of 

Elementary Matrix

[15 mins]
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Trick in Mntiplication
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Reverse Operations in Daily Life
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What Is the Inverse of an Elementary Matrix?

Example

Answer:

Question: What Is the Inverse of an Elementary Matrix?
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Inverse of Elementary Matrix

Theorem (Inverse of Elementary Matrices)
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What are the Shapes? Triangular, diagonal or none?

Type I:
Not triangular

Type II:
Diagonal

Type III:
Lower triangular 

Or 
Upper triangular

Type III inverse:
Lower triangular 

Or 
Upper triangular. 

Same shape as the original matrix.

Type II inverse:
Diagonal

Type I inverse:
Not triangular

Add  to  (use row-1 to eliminate row-3): lower triangularβR1 R3
If add  to  (eliminate down, Step 1 of GE): lower triangulari < j, βRi Rj

Otherwise: lower triangular.
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Exercise: Judgement

Any elementary matrix is invertible.

Any elementary matrix is a square matrix.
appo2 Ierationlsquorey

Turer
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Elementary Matrix

Exercise

Are the following matrices elementary?

Ques%on: What does the last matrix do if we mul2ply it 
by any matrix (with matched dimensions)?
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Permutation Vector via Swapping Entries
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Permutation Matnx xia Swopping Rows
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Permutation Matrix via Elementary Matrices

Property (Permutation Matrix)

permutation product of ERiRi' s ,
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Permutation Matrix

Definition (Permutation Matrix)
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Part II  Computing LU 
Decomposition

Strang’s book Sec 2.6

[20 mins]



“Row Operation <==> Matrix Multiplication” in GE

We have learned two things: 

(S1)  (A single) elementary row operation  
Is (a single) matrix multiplication.  [Lec 06]

(S2) GE is a bunch of elementary row operations. [Lec 05]

(Corollary) by Syllogism
(S3) GE  is a bunch of matrix multiplications.
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Matrix Multiplications Lead to Lower Triangular 

Two facts:
(S3) GE is just a bunch of matrix multiplications 
        i.e. EkEk−1…E1A = U .

(S4) Multiplication  is lower triangular. 
  (surprise)   [Lec 07]

EkEk−1…E1

(Corollary)

(S5) A = (lower triangular) times (upper triangular) [Lec 07] 

( lost slide )
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n by n Good Case: LU Decomposition

Coefficient matrix  A; square matrix. 

(S2) Gaussian elimination (GE) (forward part; assume no row exchange)

(S3) Express GE as matrix multiplication:

EkEk−1…E1A = U .

A → A1 → A2… → U

Express matrix A as matrix product: 

A = (EkEk−1…E1)−1U .
(S4) Denote ; it is lower triangular. 
  since only involves Type-I (eliminating down) and Type-II elementary matrices 
Then 
 (S5)                                  

L = (EkEk−1…E1)−1

A = LU .

U is upper triangular.op 1~ opK

EKEE - E,A = U

E (EREK ,-㉗ U
,

→→

→→



Computing LU : 2 x2 Exarmple
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Computing LU : 2x 2 Exercise
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Simplification of Process

For experts , the above processissimplied :

A 2
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How to Compute LU Decomposition?

   
   
Step 2: Compute  .

Step 3: Write conclusion    

  

L = E−1
1 E−1

2 …E−1
k

A = LU

Step 1: Express GE as matrix multiplications 

EkEk−1…E1A = U .
②→

Ei' s
,Ucompute
"

→ EIcompute 6

⼀ 0⑪
Λ

,

= LU



3 by 3 Example (Same slide as Lec 07)

Coefficient matrix 

Gaussian elimination:

Express as matrix multiplication:

E2E1A =

E3(E2E1A) =

⼀
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3 by 3 Example (from Lec 09)

Step 1 Gaussian elimination (forward elimination)

Step 2: Record elementary matrices.

E1, E2, E3 =

No row exchange; continue.

[
1 0 0

−1/2 1 0
0 0 1], [

1 0 0
0 1 0

−2 0 1], [
1 0 0
0 1 0
0 3 1]

≜ U .
→

0

E
-RTRIRIEBER… x



3 by 3 Example (from Lec 09)

Step 1 Gaussian elimination (forward elimination)

Step 2: Record elementary matrices.

E1, E2, E3 =

No row exchange; continue.

[
1 0 0

−1/2 1 0
0 0 1], [

1 0 0
0 1 0

−2 0 1], [
1 0 0
0 1 0
0 3 1]

≜ U .

= [
1 0 0

−1/2 1 0
0 0 1]

−1

[
1 0 0
0 1 0

−2 0 1]
−1

[
1 0 0
0 1 0
0 3 1]

−1
Step 3: Compute L by (10.3).

L = E−1
1 E−1

2 E−1
3

= [
1 0 0

1/2 1 0
0 0 1] [

1 0 0
0 1 0
2 0 1] [

1 0 0
0 1 0
0 −3 1] =

□ □ □
□ □ □
□ □ □

Step 4: Conclusion.
   A has an LU decomposition A = LU, where L = blabla, U = blabla. 

0 0
0

0

λ 0 0
⇌←
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Computing LU Decomposition

Algorithm (compute LU decomposition)
Step 1: 

Step 2

Step 3: 

Step 4:

⼀
GE

_ Mo .m -道 E 1 U=⼦
.

⼀ L = [ -a( 71C

⼀
A - LU

.



Computing LU Decomposition

Algorithm (compute LU decomposition)
Step 1: Forward elimination. 
   Run forward elimination, till get upper triangular matrix U. 
   IF row exchange needed: 
          STOP and report: the algorithm fails to generate LU decomposition. 
   ELSE (no row exchange)  Go to Step 2. 

Step 2 Record elementary matrices.  
      Record elementary matrices  in Step 1.  

Step 3: Compute L.  
        Compute  

E1, …, Ek

L = E−1
1 E−1

2 …E−1
k (8.3)

Step 4: Conclusion. 
    A has an LU decomposition A = LU,  
    where L = blabla (obtained in Step 3) 
              U = blabla (recorded in Step 1)

Remark: 
Can use row operations for (8.3),



What if there is no LU decomposition?

You may wonder: what if there is row exchange? 
 (Assump2on 2 does not hold) 

In homework/exam: 
   —First, it probably will not happen if the problem 
asks you compute LU decomposi2on. 

   —Second, if it really happens in homework/exam,  
just say: there is no LU decomposi2on.

In prac%ce:  
   —People can swap rows to perform PLU decomposi2on  (next part) 
   —There may be other ways (beyond the class)

@



Part III  PA = LU for General A

Strang’s book Sec 2.6



Outline of This Part

Outline: 
   —i)  2 by 2 matrix example; 
   —ii) 3 by 3 matrix example; 
   —iii) Summary: PA= LU.

Theorem (PLU decomposition) 
Any square matrix A can be written as  
                       P A = LU, 
 where L is lower triangular, 
            U is upper triangular; 
            P is a certain permutation matrix. 

e
Δ

「
⼀ ⼀



2 by 2 Example

Augmented matrix:

Gaussian elimination:

[0 5 13
2 1 −3]

[0 5 13
2 1 −3]

How to perform elimination step?

)215 - 13

{
2X⼩2 = - 3

.

o0
冖

E
_
RtR2,

whet n a ? -J
.

. a11 x +Gx =b , ①
{
a2nGxxb。 ②

π eiminate x ,

in②, needD.t0
Now a = 0 , what odo ?

⼀⺟ .



2 by 2 Example

Augmented matrix:

[2 1 −3
0 5 13]

Gaussian elimination:

[0 5 13
2 1 −3]

[0 5 13
2 1 −3] Sh -t3 2X*2--- 3

{ L义1+
X2= - 3

→ { 5x-Ʃ13

RE→R ]
」 Swap the rwus ! '

,

The new ato,



2 by 2 Example

Augmented matrix:

[2 1 −3
0 5 13]

Just look at the coefficient matrix.

[2 1
0 5]

Express as matrix multiplication (just 1st step):

Gaussian elimination:

A = [0 5
2 1] ER1↔R2

A = [0 1
1 0] [0 5

2 1] = [2 1
0 5] ≜ U .

[0 5 13
2 1 −3]

[0 5
2 1]

[0 5 13
2 1 −3]

Row exchange is needed!

unusu 7d三
,

nettriangalor

「
R,aA =( 0 ]是=5] u



2 by 2 Example

Denote , then  P1 = [0 1
1 0] P1A = U .

A = P−1
1 U .

Here,  is _________________matrix,  and U is upper triangular matrix.P−1
1

A = [0 5
2 1] ER1↔R2

A = [0 1
1 0] [0 5

2 1] = [2 1
0 5] ≜ U .

Then
-

not triagMar



2 by 2 Example (cont’d)

Denote , then  P1 = [0 1
1 0] P1A = U .

A = P−1
1 U .

Here,  is _________________matrix,  and U is upper triangular matrix.P−1
1

A = [0 5
2 1] ER1↔R2

A = [0 1
1 0] [0 5

2 1] = [2 1
0 5] ≜ U .

Then

Is this an LU decomposition?

After re-ordering rows of A, the new matrix has LU decomposition; 
i.e.,  permutation matrix P, s.t.     
        (In this example, )

∃ PA = LU .
L = I, P = P−1

1 .



3 by 3 Example

Coefficient matrix:

Gaussian elimination in matrix form (just coefficient matrix):

Row exchange is needed!

E2E1A =

-2R. 2Rt
1 1 Z

→ 11 0只o ]
θ



3 by 3 Example

Coefficient matrix:

Gaussian elimination in matrix form (just coefficient matrix):

Row exchange is needed!

E2E1A =

Define , then  P = ER2R3
PE2E1A =

Then  A = (PE2E1)−1U = E−1
1 E−1

2 P−1U .
∞ ←←→ ⼀

⼀

o
O . p
-

φA=



3 by 3 Example

Coefficient matrix:

Gaussian elimination in matrix form (just coefficient matrix):

Row exchange is needed!

E2E1A =

Define , then  P = ER2R3
PE2E1A =

Then  A = (PE2E1)−1U = E−1
1 E−1

2 P−1U .

But this is NOT the form of PA = LU. How to get it? 
Idea: do all the row exchange at the beginning.

⼀ 、

∞



3 by 3 Example (cont’d)

Coefficient matrix:

Gaussian elimination in matrix form (just coefficient matrix):

Define  , then  P = ER2R3
PA =

1 1 2
3 5 9
2 2 3

E2E1(PA) = [
1 1 2
0 2 3
0 0 −1] ≜ U .



3 by 3 Example (cont’d)

Coefficient matrix:

Gaussian elimination in matrix form (just coefficient matrix):

Define  , then  P = ER2R3
PA =

1 1 2
3 5 9
2 2 3

Then  PA = (E2E1)−1U = E−1
1 E−1

2 U .

E2E1(PA) = [
1 1 2
0 2 3
0 0 −1] ≜ U .

PA = LU .Define , thenL = E−1
1 E−1

2



n by n General Case: PA = LU

Coefficient matrix  A; square matrix. 

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

A
 Type-I or none ⟶ A1

 Type-II,III ⟶ A2
 Type-I or none ⟶ A3

 Type-II,III ⟶ A4…… → U U is upper triangular.

⼀
「

⇌

䢋 @① I 脚 θ
0平a0 , row 9

rowexdege E elimincte

else ;
do nothing



n by n General Case: PA = LU

Coefficient matrix  A; square matrix. 

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

ii) Express GE as matrix multiplication:

PkEkPk−1Ek−1…P1E1A = U,

A
 Type-I or none ⟶ A1

 Type-II,III ⟶ A2
 Type-I or none ⟶ A3

 Type-II,III ⟶ A4…… → U

iii) Extract row exchange matrices: define P = PkPk−1…P1 .

U is upper triangular.

where  are row-exchange matrices or identity, 
           are Type-II or Type-III elementary matrices.   

Pk, …, P1
Ek, …, E1

䢋 @① I 啡

⇌⼀
∞⼀ complicated⇌⇌… ⼀



ELP - E. P- A = 9

It' s asomewhat compl ,cated product .

Twothugs o proceed :

Umagicl ttopmem ha 3) ,

you con swop EpRitandPas(Whilechongingindexx
)

Pa -PElπ -ogea A = U

P
→ L
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PA = U → P-NLU .

(iil Product of row exchange memix is a specid type
;

permutation matrix



n by n General Case: PA = LU

Coefficient matrix  A; square matrix. 

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

ii) Express GE as matrix multiplication:

PkEkPk−1Ek−1…P1E1A = U,

A
 Type-I or none ⟶ A1

 Type-II,III ⟶ A2
 Type-I or none ⟶ A3

 Type-II,III ⟶ A4…… → U

iii) Extract row exchange matrices: define P = PkPk−1…P1 .

U is upper triangular.

Claim (requires proof; skip):  Type-II and Type-III matrices  s.t.
                         

∃ ̂E1, ̂E2, …, ̂Et̂Et… ̂E2 ̂E1(PA) = U .

where  are row-exchange matrices or identity, 
           are Type-II or Type-III elementary matrices.   

Pk, …, P1
Ek, …, E1

iv) Conduct GE on  a new matrix .
  “Magic": no row exchange is needed to obtain upper triangular matrix. 

PA

Remark: ’s are 
different from ’s.

̂Ei
Ej

丘 @的 I 刃

IThis clam willbeparkallyprovedn HW 3 ]



n by n General Case: PA = LU

Coefficient matrix  A; square matrix. 

i) Gaussian elimination (GE) (allow row exchange; forward elimination)

ii) Express GE as matrix multiplication:

PkEkPk−1Ek−1…P1E1A = U,

A
 Type-I or none ⟶ A1

 Type-II,III ⟶ A2
 Type-I or none ⟶ A3

 Type-II,III ⟶ A4…… → U

iii) Extract row exchange matrices: define P = PkPk−1…P1 .

U is upper triangular.

Claim (requires proof; skip):  Type-II and Type-III matrices  s.t.
                         

∃ ̂E1, ̂E2, …, ̂Et̂Et… ̂E2 ̂E1(PA) = U .

where  are row-exchange matrices or identity, 
           are Type-II or Type-III elementary matrices.   

Pk, …, P1
Ek, …, E1

iv) Conduct GE on  a new matrix .
  “Magic": no row exchange is needed to obtain upper triangular matrix. 

PA

Remark: ’s are 
different from ’s.

̂Ei
Ej

v) Denote , lower triangular. Then 
                                  

L = (EkEk−1…E1)−1

PA = LU .o pluder
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Concluding Section



Summary Today

Write your summary below.

One sentence summary:

Detailed summary:



Summary Today Instructor’s summary

One sentence summary:

Detailed summary: 

We learned (deeper) matrix multiplication, transpose and partition.wtocomputeLU decomposition,andPlUdecompositos

) Matrix preparation .

- Inverseofpermutafon matrix : reverseoperation
- Permutation matrix produotof rowexchangematnices ,b) reorder rous of Iu .:

2) Compute LU decomposition
- Works if no row excharge needed
- Write Ei ' s, then computeLEK"

3
)Pludecaomposition .

-Any square matrix Asaispes PH - LU .


