Lecture 9

Solving Square Linear System IV:
Breakdown Cases and Solution Set
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I Next Two Lectures: Key Questions

Consider a square linear system AX=Db

“Theoren: If A is invertible, then the linear system has a unigue solution x = A7,

N_—

Question 1: When is A invertible?

Question 2: How to Express/Compute A~19
(if exists)

Will answer them in the coming lectures.
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Today’s Lecture: Outline

Today ... Existence and expression/computation of inverse.

1. Breakdown Cases of Solving Square Linear System

2. [Number of Solutions for Different Cases

Strang’s book: Sec 2.2,

After this lecture, you should be able to

1. Tell a few breakdown cases for solving square linear system

2. Calculate number of solutions based on final form after elimination






I Square System: What’s New Compared to Primary School?

Primary school:

x|+ 2x, =3, 3x;+ 2x, = 1, x| — 2x, =3,
le — 3X4 = 4. 7x1 — 5X4 = 4. 4x1 + 7X4 =-9

Solve a 2*2 linear system? So easy! ‘
realv?  (gm yov Solue Al 22 syster? B
Zw\ﬁ( 70\~W /o yv °u /qJ)




I Square System: What’s New Compared to Primary School?

Primary school:

x|+ 2x, =3, 3x; + 2x, = 1, X — 2x, =3,
2x; — 3x4 = 4. Tx; — Sxy = 4. dx, +1x, =
Solve a 2*2 linear system? So easy! /
Really? Vo (24
University: ~
y - X.'f’ Xl - }

—X + Xny = 3,
Exl - 2X2 — Z.
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nknown Unknowns

There are known knowns; there are things we o] Known Knowns Known Uniiowns
know that we know. S : :

g Things we are aware | Things we are aware
There are known unknowns; that is to say, £| of and understand. of but don’t
there are things that we now know we don’t understand.
know. § Unknown Knowns | Unknown Unknowns
But there are also unknown unknowns - there 9 Things we _Things we are
are things we do not know ve don‘t know. =| understand but are | neither aware of nor

= not aware of. understand.

-Donald Rumsfeld
Knowns Unknowns

Unknown unknowns
(for (most of the) 5th grade students):

Do | know how «@ all 2*2 linear systems?

V)

They thought yes (they know). But actually no (they don’t know).

JJLJ a Solufon,
Many 5th grade students don’t even know what eaIIy means: B

It means “ 0\(/ gotﬂrouv\ 7




Part | “Breakdown” ot




7.
I Review;: Gaussian Elimwystems

Pipeline

6(\“rv\.‘no.fq g ntues LQ,OW 0(1, 021,“‘

allx] + alzxz o O alnxn — bl

a1x1 + a20x2 + -+ amxn = by

Am1X1 + ApaX2 + ** + ApnXn = b,

_ 0
A

@«F@ YQ‘,‘”"‘ AFO0.

What if there arm entries?
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I Summary of GE for Solving Square Systems

erform elementary row operations and try to get an upper triangular matrix.
tep 2: Backward substitution

Perform elementary row operations and try to get a diagonal matrix.

Assumption | e can get a fonzero-diagona

rix after Step 1. ~——

Claim 1 Under Assumption 1, we can get a diagonal matrix at the end of Step 2.

Corollary 1 er Assumption 1, the system has a unique solution.

/
This assumption may not hold for some problems; will

discuss later. | l ﬁ o(sw




I Pivot ’MV!)

-xample

M+ =2 Substract 2* Eq.1 from Eq. 2
le — 2)62 — 4.

Matrix form: &L




I Pivot: Examples La é

] ‘
N om by =1,
(o On/’ \5*L‘ g""} (f)'\lﬂ :




I Question: What if there are zeros?

Example 1 | ]

MFR=2 g nstract 27 Eqg.1 from Eq. 2 X
2x; + 2x, = 5.

Matrix for




I Question: What if there are zeros?

Example 2 | ]

(2L

{xl TR=2 " gibstract 2* Eqg.1 from Eq. 2 KX = 2
le + 2x2 = 4 2 (=14 Y

Matrix form: / q DIVOL

O (2) @2
@ —)

L2 ¢ ~ L U @/ O |
Pﬁz (¥, X4 wﬂsm% X% =2 A b soldi (1,1)

CJV\EOVV" go LA ’l\ O'Aj( (t 2- t)
O - W2/$°
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I Question: What if there are zeros?

Example 3 &Temporary failureZ(zero). W“’QWproduces 2 pivots ]

—) .
{ = Exchange two equations

le + 2x2 = 4

Matrix form: 2
T 0 ;(Zﬁ ﬂ(c—-»ﬁl%[@z/[%
2 2% ] 0 @J LJ

W 2 pivots




h@f Various Cases: 2 by 2 System

e Examples of solving 2 x 2 and 3 x 3 systems of linear equations
Elimination!

e Visualization of a 2 x 2 system of linear equations

(i) X1—|—X2=2 (ii) X1—|—X2=2 (iii) X1—|-X2=2
X1 — X2 =2 x1+x=1 —X1 — Xo = =2 X452
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I Visualization of Various Cases: 2 by 2 System

e Examples of solving 2 x 2 and 3 x 3 systems of linear equations
Elimination!

e Visualization of a 2 x 2 system of linear equations

(i) X1—|—X2=2 (ii) X1—|—X2=2 (iii) X1—|-X2:2
X1—X2:2 X1—|-X2:1 —X1—X2=—2

X2

(i) (1) (iii)



I Visualization of Various Cases: 2 by 2 System

e Examples of solving 2 x 2 and 3 x 3 systems of linear equations
Elimination!
e Visualization of a 2 x 2 system of linear equations

(i) X1—|—X2:2 (ii) X1—|—X2=2 (iii) X1—|-X2:2
X1—X2:2 X1—|-X2:1 —X1—X2=—2

(i) (1) (iii)

unique solution x; =2, x =0 no solution infinitely many solutions






I Solution Set

Definiti Solution and.Solution Se
A :

tion of an m X n linear System with variables (x, ..., x,) is a

vecto@such that if we let X; = S;_ forall i=1,...,n

the m equations hold simultaneously.

of an m X n Jinear system ihat contains all

solution(s).
olutionts).




I Examples of Solution Sets

Example (Solution Set)

2x1 + 3xp = 3,

X1—X2=4




I Examples of Solution Sets

Example (Solution Set)

2x1 + 3xp = 3,




I Examples of Solution Sets

Example (Solution Set)

2x1 + 3xp = 3,

X1 — Xo = 4
The solution setis {(3, — 1)}

2x1 + 3x0 = 3,
4x1 +6x0 = 6




I Examples of Solution Sets

Example (Solution Set)

2x1 + 3xp = 3,

X1 — Xo = 4
The solution setis {(3, — 1)}

2x1 + 3x0 = 3,
4x1 +6x0 = 6

3 -2t
The solution set is { t, |t € [R} (Infinitely many)

Will learn how to derive this set in later lectures

fovﬁlmmvw SeA




Part [I Number of
Solutions of Square




I Have We Enumerated All Cases?

Q: We have seen a fewm
Do we know how to hand M
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I Two Cases for Square Systems ;(( ~ s¢/(, (gse s+ lf

Coefficient matrix A; square matrix.

Gaussian elimination (GE ard and backward)

A—-A = A,...

Note: we don't always get a diagonal matrix.

End of forward elimination:

. End of backward step
Upper triangular

Case 1: Diagonal 0 Diagonal maitrix
entries of U are nonzero.
0 O
_O O -
pIvots
— UV\\O&\AA W\
Case 2: Some dia | ( )(X* xj Z\IOdY \ /\/ J
: gonal % | x
entries of U are zero. CLQQ \'7 | < |0 (0 ’: 9("%\0"(» e -
- b 0 0 _ (( =
\ o L] L 00 W ) v_lv_; {;
pivots 0 | O



Two Cases During GE?

End of forward elimination: End of backward step: ’(‘\hﬁl ‘ﬁ)vm Of €L
Upper triangular

i
| | Y N
1 % % k% [/
Case 1: 0o 1 * %k Xy = *,
n pivots L | correspond § .
0O O 1 % (6]
x =%
0 0 1 ' )
1
_
]
Case 2: (1) ) oo .
< n pivots. : W x w correspond < e = "
00 S R to 0=cy
0 0 0 0 0 ] — > kt+1
0 0 0 0 0 >
0 0 0 0 0] )

—0-0 ot fse 7)

Remark: Rigorously speaking, there are other cases, which we dis
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During Forward elimination:
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I Swapping Columns . gjmbo/\‘c ij o]l 2x2 (e

Can we exchange columns? Y&, \T e do extro Y‘T \
Consider A = [d, d,]
= —
Ax=0< ?,(‘0" +7<10:;0

Swapping columns, get matrix L

A=[0 o ] oy propesy cawfmmofm

Claim: Define 7? = [Xu)(\ then

/X =0 & fx =}
Corollary: If x s a solution of Ax = b then

K=(2) v o golute & £5=D
M Z*-’(X:—['E:)(z: EZ)Q-FE?XI

1, ¢ A X - A;\(




Y:(f.,f',ff,ﬁ;,fa) Wry —
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I Swapping Columns: Result

Proposition: (swapping columns keep solution set structure)
Consider a linear system Ax = b.

Suppose A is obtained by exchanging columns of A multiple times.
Suppose the solution set of Ax = b is X,

the solution set of Ay =bisY,
Then there exists a one-to-one mapping from X to Y.

Mam),kﬁ = fw\c,t\'an. 7f: XY mems, f¥v bmy X € X | therls o ]%x) e
(=1 meppty mepms . for o4 e [, 3 g XX, 5oy

Corollary If Ax = b has exactly p solution(s), where p € {0,1,00},
Then AY—:/; ol hes ex&cﬁa /]) golebions
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T j% = x*

> < S p)

x) = 2X
O 1*1"“]’]”3- Nf“”’“fo’z
| be couse. O fw Y< 0
\M , bon 'f“d w\,?m A o X st i)=Y,
st Y= o = ) @ for y>o,
I two A mbews

X=§y.~/y st X'z
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Proof Tdeo [ Longer version)

(or [ B=0. Do -0 ©0-- D"
— O o--.0
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End of forward elimination:
Upper triangular

Case 1:
n pivots

Case 2:

< n pivots.
(Allow column
Exchange

I

1
0
0
0

-

*

O e

SO O % % ¥ *

S = % %

_ % ¥% ¥ ¥

SO O ¥ ¥ ¥ *
L |

fid o

Only Two Cases!!!!! (If Allow Column Exchange)

End of backward step:

-

f
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o O

O OO % * ¥ ¥

T

l

k

k

k

0

0
.0

correspond
to
[ —
1 f’{)
oo
correspond<
to

xl_*,
x2=*,
X, = %,

e
|l

I
0= ¢yt
O0=c

Remark 1: GE in the textbook does NOT perform column exchange.

N\

Suwep Ontred

—_—

Remark 2: If allowing swapping columns, then in the end, need to

_of obtained solution (X, ..., X,)) to obtain original solution.

For %OW, our goal is to study # of solutions, so we do not discuss details.



I How to Continue to Write Solutions?

= ends at the above tvm

ggrﬂse @G

How to write solutlons.

Case 2: < n pivots. (Allow column exchange)

-

o o O eee

SO e
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correspond < Xk

to O —_ Ck+1’




I Case 2b: Simple Example of 3 by 3

Case 2b: All ¢; = 0..

Simple case: A A f
X, G % X XX =C
] 5 .
] I B A
o o)d ol 0 =0

N /\
N _ A
XL - Cl — °<l XJ

1—6 meors. FW pba ’)(/;.’/‘ t (7“'& UOM‘GL&)\

/R ML ey
5(,\1« :C‘_%‘b

= t/ C ‘Oﬂt, Cp— o };, t) D G SDLU"‘G“
tmw) ( M‘YNN(\, SolvHu









Case 2b: General Case Analysis

Case 2b: All ¢; = 0..

Claim: Suppose ¢;,.; = ... = ¢, = 0..
If u;; = O for some 1, then Ax =0 has solution.

correspond < X =",

to O — Ck+1’
c, kO =c,.
| M A\
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I Summary of Success/Failure for Square Systems

Unique solution.
‘We may have to exchange the equations (rows).

Case 2; Forn by n systems we do not get n pivots.
ollow (ol Q)(C‘v’]%

Elimination leads toequationsybesides x; = * )
0 =[] (nonzero number) [ NNU  solution(s).

@ :M w? SO u:ion(s)f
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Gaussian Elimination for “Good” Systems

Problem: Solve n X n linear system of equations.
Preparation: Write the linear system as augmented matrix form.

Step 1:

Perform elementary row operations to get an upper triangular matrix.

Step 2:
Step 2.1 Perform elementary row operations to get a diagonal matrix.

Step 2.2 If all diagonal entries are nonzero, (i.e.n pivots)

then perform “row multiplication” to get an identity matrix.

Finishing step: Write down the solution

(unique solution for this case).



Exercise

1 11 1|1)
-1 00 1[-1
—2 0 0 3|1
0 11 3|-1
1 22 4| 1)



I Summary Today (write Your Own)

One sentence summary:

Detailed summary:



I Summary Today (of Instructor)

One sentence summary:
We study

Detailed summary:



