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Outline

@ Linear Transformation

© Eigenvalue, Eigenvector and Eigenspace

© Characteristic Polynomial and Characteristic Equation



Exercise 1

© Consider a 120° rotation around the axis x = y = z. Show that the
vector u = (1,0,0) is rotated to the vector v = (0,1,0) (similarly v is
rotated to w = (0,0, 1) and w is rotated to u).

@ How is v — u related to the vector (1,1, 1) along the axis?

© Find the matrix A that produces the rotation (i.e. Av is the rotation
of v), and explain why A3 = .

© Find the (complex) eigenvalues of A.



Review

Eigenvalue, Eigenvector and Eigenspace

Definition Let A € C"™ " be a square matrix. If there exists a scalar
A € C and a nonzero vector x € C" such that

Ax = Ax

then X is called an eigenvalue and x is called an
eigenvector with respect to A.

Then the set {x | (A — A)x = 0} forms a linear space,
called the eigenspace w.r.t. \.

(Note that the eigenspace w.r.t. A is (the set of all
eigenvectors) U{0})



Review

Characteristic Polynomial and Characteristic Equation

Definition
air — A aiz e ain
a1 an—A - acn
pa()) = det(A — Al) = det
dnl an2 et ann — A

is called the characteristic polynomial of A, and the equation
pa(A) = 0 is called the characteristic equation.



Exercise 2

Find or compute the following expression when A =

O O

@ characteristic polynomial
@ characteristic equation

@ eigenvalues

N B~ O

= N O



Exercise 3

Show that the eigenvalues of a triangular matrix are exactly the diagonal
entries.



Exercise 4

Let A€ R™" X € R™k B € RK¥K(k < n).
If AX = XB, and X has full column rank, show that any eigenvalue of B
is also an eigenvalue of A.

(The column space C(X) is called an invariant subspace of A since
A(C(X)) € C(X), where A is considered as a linear transformation.)



Exercise 5

Let A € R™" X =a+iB(B # 0) is an eigenvalue of A. Show that
A= a —if is also an eigenvalue of A.
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