Lecture 03

Systems of Linear Equations I: Forms and Elimination
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In the last lectures ...

e Definition of norm and dot (inner product)

e Calculation of vector norms and inner products

e Real-world examples




Today

Today ... System of Linear Equations!

After this lecture, you should be able to

1. Write the 4 forms of systems of linear equations
2. Write various forms of matrix-vector product

3. Solve alinear system by Gaussian elimination




Reading Material: Logic and Proof

Difficulties in Linear Algebra, partially due to:

* lack of training of proving
. Iack of LOGIC
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Material to check:

https://www.math.toronto.edu/preparing-for-calculus/ 3 logic/we 2 if then.html




Part| System of
Linear Equations




Linear System of Equations:
Preliminary School Example

(Chicken-Rabbit Problem &% [F]7¢)

There are 35 heads and 94 feet in a cage.
How many chickens and how many rabbits are there?

Assumption: Each chicken has 1 head and 2 feet, and each rabbit
has 1 head and 4 feet.
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I Linear Equations

Definition (Linear Equations)

A linear equation is the equation of the form

(1) a1+ axxp+ o+ ayx,=0b \ /
/
o W\\mem.

where a1, az, ..., an b are real numbers and x1,x2, ..., X» are variables

Write it in the vector form:
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Exercise

Exercise (Linear Equations)

Are the following linear equations?

1. =x1+ 4x4 = 2x7 + 3Xx3 X1,X2,X3,X4 are variables




Exercise

Exercise (Linear Equations)

Are the following linear equations?

= -}

1. =x1+ 4x4 = 2x7 + 3Xx3 X1,X2,X3,X4 are variables

). —X1X4 = 2Xy + 3x3 X1,X2,X3,X4 are variables
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Exercise

Exercise (Linear Equations)

Are the following linear equations?

1. =x1+ 4x4 = 2x7 + 3Xx3 X1,X2,X3,X4 are variables
). —X1X4 = 2Xy + 3Xx3 X1,X2,X3,X4 are variables
3. aAix1+ arxy, = b X1, X?, d1, Clz,b are variables
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System of Linear Equations

(System of Linear Equations)

An mXn system of linear equations is a of m linear
equations with » variables

K\ a11X1 + aipxy + o + ayx, = by

N\ Ap1X1 + Xz + o+ + AguX, = by

{

where all a;; and b; are real numbers and x1,x2, ..., x» are variables

A1 X1 T ApypXp T o0 T ApyXy = bm

(A system of linear equations can be called a linear system for short)




Exercise

Exercise (Linear Equations)

Is the following a linear system?

—-aq1 + 4a1px = 2a13+ 3aqy
Where ai11, a12, a13, a4

are variables
dai1+ 3aiz = a1z + 3ai4
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Exercise

Exercise (Linear Equations)

Is the following a linear system?

—-aq1 + 4a1px = 2a13+ 3aqy
Where ai11, a12, a13, a4

are variables
dai1+ 3aiz = a1z + 3ai4

It is critical to know what are the variables (unknowns)!

(such as the weight vectors in our movie preference example)




I What is New in this Course?

You learned these in middle school (or even primary school).

What more can we study? What will be new?

1. Practice.

You can solve system of equations in 2 variables.
What about 5 variables” What about 100 variables?
What is a general method to solve an any-variable
system? (For computers)

2. Theory.
Does your general method always )fvork’? Can you prove it

\A e \WM& o xofbm n chLN, ol ’ I —5 No

First step: Toanswer these questions, we need to rewrite system
of equations with vectors and matrices.




I Row-Vector Form of System

T1 T To = 14 row-reduction U’” 'u"\‘ “r/') — 14
_ A —. —_
_ 1)e (2, 4) A
2L$1 T 43?2 S0 [%o(ot prgduct

Can we make the form even simpler?
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I Column-Vector Form

r1 +x0 = 14
201 + 4xo = 30

Another way of writing the equations: Column-vector form




Four Forms of Linear Systems

Scalar form x1 + x2 = 16,
211 + 4x9 = 36.

Row-vector form

(Unknown vector satisfies n linear
equations simultaneously)

Column-vector form

(Unknown combination of columns
produces vector b)

Matrix form

(Given matrix times unknown vector produces b)




I Four Forms and Matrix-Vector Product

1+ Ty = 16, —
{23}1 + 425 =36, * > Az :%{)4 .
Define Ax = kZu*LtM)
{[1,1]-[:131,332] :16, P A(E:b
[2,4] : [:'81,582] — 30. Define Ax = ((Ill\ AT )
(v,u) - (1, 1)

Szt 1 22 = || . —— AT =
[ ] l ] l ] Define Ax = (;/\'n. A (uhv
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Three Definitions of Matrix-Vector Product

lgnore equations for a while. Summarize the last page.

1 1 T |
A= of o= s

Definition 1: AX =

Definition 2: AX

Definition 3: AX

Claim: Three definitions are equivalent.

Next, we extend these definitions to general matrix and vectors..




Part Il Matrix-Vector
Product & Four Forms of
Linear Systems

Textbook va: Sec. 1.3 (only first half) and Sec. 2.1




Matrix Definition

Definition 4.1 (Matrix) ) Mbu
An m X n matrix A is a rectangular array of numbers with m rows

and 7 columns in the following form:

= —_—
n
a1 a1z - am
; a a o0 o0 a
4 \ C 7 = (@) xn € R™
W | J
\ aml ClmZ ©te amn

where all a;; are scalars.

Def 4.2 (Dimension):

For an W. X . matrix, the dimension of Ais ln X (reads “m by n”).
For an m X 1 vector, the dimension of the vectoris m, or m %X 1.

1 1| .
The dimension of A = 5 4| 18 VL




I Matrix: Example and non-example ouvonhs s

Often use square bracket Can also use round bracket
1 1 1 1
2 4 2 4
1 0
0 O
0.5 -3.7

0 1 =24 0.l
1.3 4 =01 O
4.1 -1 0 1.7

1.3 4 —-0.1 O
4.1 -1 0 1.7

0 1 -—-23 0.1]

P

%ng-hui triangle round-table
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I Matrix Notation A S

\\

+ Foramatrix A, ajiscalled the (i,)) th entry (element) of A4

SOWLMI\/VUS GM,‘/Y\, (uv\/o\/ﬁ(i ﬂ( ke (oE 'U
« Matrices are denoted by 4, B, 8

« When m = n, A is called a square matrix; a rectangular matrix o.w.

« When all entries are zeros A is called a zero matrix

(similar to zero vector)




I Matrix v.s. Vector v.s. Scalar

* Whenm = 1, A isarow vector V- (/l,'L--- - B)

« When n =1, 4isacolumnvector - ) )

Matrix: general W\ X |
Columy VIO yow ey ko

Vector: |m X% 1 or\l X n matrix\

Scalar: 1 X 1 matrix

Remark: In python, scalar and 1 x 1 matrix are different!

e.q. scalar: 3.5 V.S. 1 x 1 matrix: [[3.5]]
(Easily causes bug if you don’t know this!)




I Matrix Conventions

Aq; |
e Column of a matrix _E; — ' )W‘ \,g\m.,m o}‘ ﬂl
| Am] ) (A“ A‘n . Adéﬁ——
;“W o S Ay, A‘“L
. Row of a matrix al)) = A - A 0
z ‘\M (oW Q%A

The skill to identify matrices’ columns and matrices’ rows is
important for the future, but often ignored!




Matrix v.s. Column Vectors: Example of 2 by 3 Matrix

I 2 3
a=lis e

SR

Express A with its columns

Incorrect answer: A - 0, + r Ry

OK but imperfect answer:  [x ( I, a, ab)

(
Correctanswer: /A - | a. | q, , “5)

-




I Matrix v.s. Column Vectors: General

Write matrix in terms of column vectors.

| 1, 2
Suppose the columns of A are: \ N> ( (!4) > (( ] qg;(g )

A
Then A= | i, Iy a%)

Observation:

Matrix can be written as a V0w Vﬂohv with each @MW

being a column vector.

.e., Matrix =\ (w \jf’/b)(ox( of W\v\wx\/\ \/MJ(OVS.

(This understandina will be formalized when talkina about block matrix)




I Matrix v.s. Row Vectors: Example of 2 by 3 Matrix

1 2 3
A:'4 5 6}
at) = =[1 2 3], a?) =4 5 6]

(’ 0\ .
Then A= \ a@\

l.e., Matrix = W\\wv\ VLo v of s Voux.




Definition of Matrix-Vector Product

Definition 3.1 (Matrix-vector product definition)

Uq ““
Let u= | : iand A be an m x n matrix A = (a;;),
Un wheret1=1,....m;7=1,...,n,

The matrix-vector product Awu is an m X 1 column vector:

S a4 [t e
=1
Ay — 2 j=1025U; o
© O '
P T
ijl AmjUsj] v Wy ok + Quy, Uy
~
Remark: Dimension checking AUu=YV

A " = 1 . |
Example: s |\ ) A (30 L()
\ Q0 } \ | OL: )+ 4 | 2
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Special Case: Row * Column Vectors

L1

A = [&1 CLQ] L = o

Can we multiply them?
Answer 1: Yes, by Definition of inner product: /\ L, W 7 =0 tquy

PB: inner product of row and column vectors are not well defined.

e ———

Answer 2: a 1s a vector, but also a 1x2 matrix.
view It as matrix-vector product.

&%;&tll*&bu’v
Tx vl xi | X




IReIation of Inner Product and Matrix-Vector Product

-
T —

L2
Inner product: (x,)) = W :}\ x Ay

Matrix-vector product of y and x: Invalid. Mv\o W

Ix( Y
Matrix-vector product of x' and y:
XT — [ul \{| " ul/ YQ/

(%f,lv\ ﬁ (W/A\‘]\V)
Two definitions match: <:I}, y) — fETy

This is why we can denote the inner product as x'y

y:

B —




Row-form of Matrix-Vector Product

Let A be an m X n matrix and b be an n X 1 column vector. Suppose the

matrix A can be represented

|

|
thdl : JI :
( : m
0\”:@4'5, - O\h‘)\. al™ a™b
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Column-form of Matrix-Vector Product

Let A be an m X n matrix and w be ann X 1 column vector. Suppose A is

represented as:

A=|a;ay ... a,,

Then Aw = wija; + woas + -+ + wya,

Awis a \A\\U/W \/OV\/\/\O\'V\OL}l.WV\ of columns.

Very important observation!
More important than the row-form, in the future parts of the course!




I More Examples

A

LS

Au =
;XS Tx

—

Or:
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Partlll |ldea of
Elimination

Partly from Sec. 2.2




I Solve System of Linear Equations

Example (Solving a 2% 2 system)
x—2y =1 U
3Ix+2y=11 o

Vowove g w{W (1) - ), ¢ (1) -

O%-—\'(g\%:% =) \f:./\

1) = 14127




I More General ...

Example (Solving a 3 x 3 system)

o2 +4y—2z=2 !
4z +9y — 3z =8 0/

—2x—3y+ 7z =10 U) 7)U/L'1\4,Vt,owwj.

Key ldea: Elimination.

@)—’L%(‘]'- OT\\?J(\Z:

ARSI O I ) + O = |0
W) bz - 4 2:1
f/}ao “’f Lo fene  «% tmd -




ldea of Elimination

How to solve n by n system?

First, eliminate one variable@by subtracting one equation from
others. D 4, /\0

Second, solve the remaining (n-1) by (n-1) system.

Continue the process until getting 4 variable and 1 equation.

Similar to “prove by induction” (JA447E 1 BH).




Matrix and Linear Systems

(Coefficient Matrix)

Given a linear system,
a11xX1 + apxy + o + ayx, = by

ay1X1 + Axpxy + -+ + az,x, = by A% Qf
Ap1X1 T Apy2X2 + 0+ ApXy = bm

The coefficient matrix of the system is an m X n matrix

di11 di12 - d1n

a1 d22 UA2n
A= : ; 5 — - (aij)mxn

Aml dm?2 "t UAmn




Matrix and Linear Systems

(Coefficient Matrix)
Given a linear syste/ W hANOW §
%uw%
dz1X1 + dppXp + o + dpuX;, =

A1 X1 T ApyXo + o0 T ApyXy =

The coefficient matrix of the system is an m X n matrix

]

di11 di12 - d1n

a1 d22 UA2n
A = : ; 5 — - (aij)mxn

Adml1 dm2 °°° Umn




Augmented Matrix

(Augmented matrix)

Given a linear system,

aA11X1 T d1pXp + -

A21X1 T dppXp + °*°

A1 X1 T Xy + oo

the corresponding augmented matrix is

11

12

T A1pXn = bl

T dppXy = bZ

Uln bl
U2on b2
Umn bwz




I Exercise

Consider 271 + 319 = 3 )

r1 — To = 4. \ | ____\/

.

What is the coefficient matrix?

)
What is the augmented matrix? ——— b
| -
%.{% + L %.'; - Amvzjwwhtk JVLOLLYLY :
,4 } Voo Ry gy
’V/\’:; + 7) %2& ey l / 1 \ ) )
u ko = | 050
L / - \ L




Summary Today

Today, we have learned:

 Formulation of systems of linear equations
* Matrix-vector product and four forms of linear system

e |dea of elimination




